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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Timing Games

“Non-Silent” timing games

Patent race

“Silent” timing games

J. Reinganum, 1981
(Review of Economic Studies)

H. Hamers, 1993
(Mathematical Methods of OR) −→ Cake Sharing Games

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 5/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Bankruptcy Problems and Bankruptcy Rules

Bankruptcy Problem

(E, d)

E ∈ R+ Amount to be divided

d ∈ Rn
+ Claims of the agents

∑n
i=1 di > E

Bankruptcy Rules

ϕ : Ω −→ Rn

(E, d) 7−→ ϕ(E, d)

ϕi(E, d) ∈ [0, di]

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 8/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Bankruptcy Problems and Bankruptcy Rules
An Example

A strategic game

Bankruptcy problem (E, d)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 9/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games
Brief Overview

Bankruptcy Problems and Bankruptcy Rules
An Example

A strategic game

Bankruptcy problem (E, d)

Each player i announces a portion of di (admissible for him)

The lower the portion you claim, the higher your priority

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 9/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

The Stage Game

A strategic game G is a triple (N, A, π) where:

N = {1, . . . , n} is the set of players

A =
∏n

i=1 Ai, where Ai denotes the set of actions for player i

π =
∏n

i=1 πi, where πi : A → R is the utility function of player i

Minmax Payoffs:

vi := min
a−i∈A−i

max
ai∈Ai

πi(ai, a−i)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 13/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

The Repeated Game

Repeated Games (with complete information)

Let G = (N, A, π)

GT
δ denotes the T -fold repetition of the game G with discount

parameter δ

GT
δ := (N, S, πT

δ ) where

N := {1, . . . , n}
S :=

∏

i∈N Si, Si := AH
i

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 14/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

The Repeated Game

Repeated Games (with complete information)

Let G = (N, A, π)

GT
δ denotes the T -fold repetition of the game G with discount

parameter δ

GT
δ := (N, S, πT

δ ) where

N := {1, . . . , n}
S :=

∏

i∈N Si, Si := AH
i

Discounted payoffs in the repeated game,

πT
δ (σ) :=

1 − δ

1 − δT

T
∑

t=1

δt−1π(at)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 14/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

General Considerations

Our framework:

The sets of actions are compact

Continuous payoff functions

Finite Horizon

Nash Equilibrium

Complete Information

Perfect Monitoring (Observable mixed actions)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 15/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

Unilateral Commitments
Definitions

The stage game: G := (N, A, π)







N := {1, . . . , n}
A :=

∏

i∈N Ai

π := (π1, . . . , πn)

The repeated game: GT
δ := (N, S, πT

δ )















N := {1, . . . , n}
S :=

∏

i∈N Si

(Si := AH
i )

πT
δ

The UC-extension: U(G) := (N, AU , πU )

AU :=
∏

i∈N AU
i , where AU

i is the set of all couples (Ac
i , αi)

such that

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 24/60
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A Silent Battle over a Cake
Bankruptcy Problems

Repeated Games

Definitions and Classic Results
A Generalized Nash Folk Theorem
Unilateral Commitments

Noncooperative Game Theory
Conclusions

Conclusions

We have studied a special family of timing games, extending
the results in Hamers (1993)

We have presented a noncooperative approach to bankruptcy
problems

We have extended the result in Benôıt and Krishna (1987)
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A Geometric Characterization of the τ -value
The Core-Center

Brief Overview

Results

P1: Let v be such that for each i ∈ N ,

Mi(v) − mi(v) ≤ v(N) −
∑

j∈N

mj(v)

Theorem
If v satisfies P1, then τ(v) = τ∗(v)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 38/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

Some More Background

Fix a game v and an allocation x ∈ Rn

x is efficient if
∑n

i=1 xi = v(N)

x is individually rational if for each i ∈ N , xi ≥ v(i)

x is stable if for each S ⊆ N ,
∑

i∈S xi ≥ v(S)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 40/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center: Definition

Let U(A) be the uniform distribution defined over A

Let E(P) be the expectation of P
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center: Definition

Let U(A) be the uniform distribution defined over A

Let E(P) be the expectation of P
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center: Monotonicity

• Take a pair of games v and w

Strong monotonicity NOT SATISFIED

Let i ∈ N . If for each S ⊆ N\{i},

w(S ∪ {i}) − w(S) ≥ v(S ∪ {i}) − v(S), then ϕi(N, w) ≥ ϕi(N, v)

• w(T ) > v(T ) and for each S 6= T , w(S) = v(S)

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 48/60



A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center: Monotonicity

• Take a pair of games v and w

Strong monotonicity NOT SATISFIED

Let i ∈ N . If for each S ⊆ N\{i},

w(S ∪ {i}) − w(S) ≥ v(S ∪ {i}) − v(S), then ϕi(N, w) ≥ ϕi(N, v)

• w(T ) > v(T ) and for each S 6= T , w(S) = v(S)

Coalitional monotonicity

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 48/60
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Definition
ϕ is a T -solution if for each pair v, v

ϕ(v) = αϕ(v) + (1 − α)ϕ(v)

where α ∈ [0, 1]

Definition
Dissection of a game v: G(v) = {v1, v2, . . . , vr}

Definition
ϕ is an RT -solution if:

1 ϕ is a T -solution
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dissection of v

ϕ satisfies fair additivity with respect to the core if:

1 ϕ is a RT -solution

2 C(v′) = C(v′′) implies that αv(v
′) = αv(v

′′)
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center and the Shapley Value

General ideas:

We define games u1, u2, u3, u4

Whose cores decompose I(v) in
C(v), C(u1), C(u2), C(u3), C(u4)

The corresponding volumes are
w0, w, w1, w2, w3, w4

We define the game v∗

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 55/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

The Core-Center and the Shapley Value

3

1

2

4

u1
u2

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 56/60
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A Geometric Characterization of the τ -value
The Core-Center

The Core-Center: Definition and Properties
A Characterization of the Core-Center
The Core-Center and the Shapley Value

Cooperative Game Theory
Conclusions

Conclusions

We have shown a geometric characterization of the τ value

We have studied a new allocation rule: the core-center

We have carried out an axiomatic analysis

Competition and Cooperation in Game Theoretical Models Julio González D́ıaz 57/60
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