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Julio González-D́ıaz

Kellogg School of Management (CMS-EMS)
Northwestern University

and
Research Group in Economic Analysis

Universidad de Vigo
........................

(joint with Miguel Brozos-Vázquez, Marco Antonio Campo-Cabana, and José Carlos D́ıaz-Ramos)
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Motivation
The model

Ranking Methods
Our contribution

Main Goal

Ranking Participants in Tournaments González-D́ıaz et al. 3/24
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Motivation
The model

Ranking Methods
Our contribution

Main Goal

Rank the participants in a tournament

Rating vs. Ranking

Applications

Rankings of web pages: Google

Ranking Participants in Tournaments González-D́ıaz et al. 3/24
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Motivation
The model

Ranking Methods
Our contribution

Example

Ranking Scientific Journals

aij := “number of citations received by i from j”
aij∑

k akj
= “percentage of the citations made by j received by i”

r1

i :=
∑

j

aij
∑

k akj

Ranking Participants in Tournaments González-D́ıaz et al. 4/24



Motivation
The model

Ranking Methods
Our contribution

Example

Ranking Scientific Journals

aij := “number of citations received by i from j”
aij∑

k akj
= “percentage of the citations made by j received by i”

Initially, we can regard all journals as equally strong: r0 := (1, . . . , 1)

r1

i :=
∑

j

aij
∑

k akj

Ranking Participants in Tournaments González-D́ıaz et al. 4/24
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Motivation
The model

Ranking Methods
Our contribution

Primitives

A tournament is given by:

A set of n players (denoted by N)

The pairwise results of a number of matches among them
(contained in an n × n matrix A)

The result of each individual match is a pair (b1, b2) with b1 ≥ 0,

b2 ≥ 0, b1 + b2 = 1

aij := “number of points achieved by i against j”

Should we use the invariant method?

Ranking Participants in Tournaments González-D́ıaz et al. 7/24
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The result of each individual match is a pair (b1, b2) with b1 ≥ 0,

b2 ≥ 0, b1 + b2 = 1

aij := “number of points achieved by i against j”

Should we use the invariant method? NO: match, victory, loss

Before, it was not bad to cite another journal. Now, this represents a loss
aij∑
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Motivation
The model

Ranking Methods
Our contribution

Assumptions

Extra notations

M := A + At = “matches matrix”

mij = “total number of matches between i and j”

si :=
∑

j aij
∑

j mij
= “average score of player i”

Assumptions

Ranking Participants in Tournaments González-D́ıaz et al. 8/24
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si :=
∑
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∑
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A is nonnegative

aii = 0

M is irreducible (no incomparable sub-tournaments)
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Motivation
The model

Ranking Methods
Our contribution

Tournaments

Ranking methods for tournaments

Ranking Participants in Tournaments González-D́ıaz et al. 10/24
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The Scores Ranking

The scores ranking

Rank the players according to the vector s

Characterization for Round Robin (Rubinstein, 1980)

Anonymity

Responsiveness with respect to the beating relation

Independence of irrelevant matches !?!?

Problems

Many ties

Only makes sense for Round-Robin tournaments
(because of IIA).
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= “points of i against j relative to i’s total number of losses”

Initially, we can regard all players as equally strong: r0 := (1, . . . , 1)

r1
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Motivation
The model

Ranking Methods
Our contribution

The Fair-Bets Method

r∞i :=
∑

j

aij
∑

k aki

r∞j

r∞ is just the solution of a linear system of equations

The ranking induced by r∞ is independent of r0

Bets’ interpretation

Characterization (Sluzki and Volij, 2005)

Responsiveness with respect to the beating relation

Anonymity

Ranking Participants in Tournaments González-D́ıaz et al. 13/24
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Assume that there is a distribution function F such that the
expected score of a player with strength ri in a match against a
player with strength rj is given by F (ri − rj).

The function F is called rating function

Bradley and Terry (1952) took the (standard) logistic distribution:
F (ri − rj) = eri

eri+e
rj (F (0) = 1/2, limd→+∞

F (d) = 1, limd→−∞
F (d) = 0)

The specific distribution can be chosen depending on the discipline

In chess tournaments also a logistic distribution has proved to fit
the observed data quite well
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Motivation
The model

Ranking Methods
Our contribution

The Maximum Likelihood Approach

Given a tournament A and a rating function F , choose the vector
of ratings r under which the probability of A being realized, when
the matches in M are played, is maximized

Select the ratings under which A has maximum likelihood

Properties:

Excellent asymptotic properties

The ranking proposed for A is the inverse of the one proposed for At

Problems:

Typically reduces to solve a nonlinear system of equations
(high computational cost)

Even mild misspecifications on the function F may lead to
severe asymptotic bias

Ranking Participants in Tournaments González-D́ıaz et al. 16/24
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The Maximum Likelihood Approach

Given a tournament A and a rating function F , choose the vector
of ratings r under which the probability of A being realized, when
the matches in M are played, is maximized

Select the ratings under which A has maximum likelihood

Properties:

Excellent asymptotic properties

The ranking proposed for A is the inverse of the one proposed for At

Problems:

Typically reduces to solve a nonlinear system of equations
(high computational cost)

Even mild misspecifications on the function F may lead to
severe asymptotic bias

What about non-asymptotic behavior?
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Idea

—WE LIKE

Fair-Bets: The iterative method (linear system) to use all the
information of the tournament

Maximum-Likelihood: The idea of using the rating function to
reward results according to their statistic relevance
(F is non-linear)

—WE DO NOT LIKE

Fair-Bets: Asymmetric treatment of victories with respect to losses

(formalized through the axiom concerning A and At)

Maximum-Likelihood: The problems derived from the non-linearity of
the system to be solved

(lack of robustness on F , computation costs)
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Motivation
The model

Ranking Methods
Our contribution

Recursive Performance

Suppose that player i achieves a score of sij =
aij

mij
against j

F−1(sij) represents the difference of strength between i and j

given by these results
mij∑

k mik
=“percentage of the games played by i that were against j”

The recursive performance method

Initially, we can regard all players as equally strong: r0 := (1, . . . , 1)

r1

i :=
∑

j

mij
∑

k mik

+ F−1(si)

Ranking Participants in Tournaments González-D́ıaz et al. 19/24
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r1

i = “performance of i”
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The recursive performance method
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i :=
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Motivation
The model

Ranking Methods
Our contribution

Recursive Performance

r∞i :=
∑

j

mij
∑

k mik

r∞j + F−1(si)

The recursive performance is well defined

r∞ is just the solution of a linear system of equations

The ranking induced by r∞ is independent of r0

Ranking Participants in Tournaments González-D́ıaz et al. 21/24



Motivation
The model

Ranking Methods
Our contribution

Recursive Performance

r∞i :=
∑

j

mij
∑

k mik

r∞j + F−1(si)

The recursive performance is well defined

r∞ is just the solution of a linear system of equations

The ranking induced by r∞ is independent of r0

Symmetric treatment of victories and losses. The ranking
proposed for A is the inverse of the ranking proposed by At

Ranking Participants in Tournaments González-D́ıaz et al. 21/24



Motivation
The model

Ranking Methods
Our contribution

Recursive Performance

r∞i :=
∑

j

mij
∑

k mik

r∞j + F−1(si)

The recursive performance is well defined

r∞ is just the solution of a linear system of equations

The ranking induced by r∞ is independent of r0

Symmetric treatment of victories and losses. The ranking
proposed for A is the inverse of the ranking proposed by At

The proposed rating is robust in F

Ranking Participants in Tournaments González-D́ıaz et al. 21/24
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The recursive performance is well defined

r∞ is just the solution of a linear system of equations

The ranking induced by r∞ is independent of r0

Symmetric treatment of victories and losses. The ranking
proposed for A is the inverse of the ranking proposed by At

The proposed rating is robust in F

According to the proposed rating, the performance of each
player coincides with his own rating
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Motivation
The model

Ranking Methods
Our contribution

Some numeric examples

A1

(av.scores)
s RP ML FB







0 1 0.9 0.9

1 0 0.9 0

0.1 0.1 0 0

0.1 0 0 0







0.7 1.010 1.099 0.703

0.633 1.037 1.099 0.703

0.1 −1.017 −1.099 0.078

0.1 −1.031 −1.099 0.078

A2

(av.scores)
s RP ML FB







0 1 90 0.9

1 0 0.9 0

10 0.1 0 0

0.1 0 0 0







0.892 1.127 1.099 0.703

0.633 0.971 1.099 0.703

0.1 −1.049 −1.099 0.078

0.1 −1.048 −1.099 0.078

Ranking Participants in Tournaments González-D́ıaz et al. 23/24
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Directions for future research

Axiomatic analysis of the recursive performance ranking
method

Develop comparative studies of the different ranking methods
in applied settings
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