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Preface

Some years ago, I had to decide which bachelor I should take. The Bachelor of Mathematics was
not my first option, but because of several reasons I had to choose it. The first year was not fully
pleasant because I had in mind to change my studies. However, during that year, I started to
discover the world of Mathematics and decided to continue once year more. Year after year, I
was more and more interested by the wonderful universe of Mathematics.

In my fifth Bachelor’s year, I followed a course in game theory by Ignacio Garcia Jurado. It
was there where my interest in the field of game theory was born. The next year I became a PhD
student in the Department of Statistics and Operations Research of the University of Santiago
de Compostela. Ignacio Garcia Jurado and Gloria Fiestras Janeiro became my advisors. They
helped me a lot during my years as a PhD student, not only in the academic field, but also in
making decisions about my future. I am indebted to them for accepting me as their PhD student

and for being patient with my stubbornness. Thanks Ignacio and Gloria!

Also Ignacio and Gloria have been my link with prestigious researchers in game theory. I
had the good luck of working with some of them and I have learned of them how to make good
research. I am indebted to all of my co-authors, Arantza, Gloria, Herbert, Ignacio, José Manuel,
Mark, and Peter. Also, I want to thank to my (ex-)officemate Julio for the fruitful comments and
discussions on some topics than we have had.

Through my years as a PhD student I could visit a lot of prestigious research centers like
Tilburg University, Basque Country University, Stockholm School of Economics and Universitat
Autonoma de Barcelona. There, I knew a lot of people and I could experiment different ways of
researching; these two aspects have helped me to have a wide perspective on game theory and
related fields. I want to thank to Peter for hosting me in the Department of Econometrics and
Operations Research of University of Tilburg (once was not enough, I was there three times),
and to Arantza, Herbert, Mark, Henk, Ruud, Baris, Emiliya, Corrado, ...and others at CentER
for the great atmosphere that I found there. An special mention is deserved to Arantza. She was
my Spanish link with the people in Tilburg; without her help my visits had not been so fruitful.
I am indebted to Mark for hosting me at Stockholm School of Economics and for working with
me also during my visits to Tilburg University. I am grateful to José Manuel for having invited
me to the Department of Applied Economics IV of the Basque Country University, and to other
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members of his department and of the Department of Foundations of Economic Analysis I for
their reception (Josune, Miguel, Fede, Luis, Elena, Javier, ...). Finally, I am also indebted to Jordi
for being my host during my stay at Universitat Autonoma de Barcelona.

I have to write some lines about my officemates, Rosa and Julio. They have been a great
support with my problems with the literature, and they have always been there for any request.
We have spent a lot of time in our “warm” office and it would not have been the same without
their friendship.

I do not want to forget the people from the group of Galician game theorists and from the De-
partment of Statistics and Operations Research at University of Santiago de Compostela. They
have been an important support during my PhD years. I also want to thank all the other PhD
students of the Faculty of Mathematics for our funny “pachangas” and for the pleasant coffee
breaks and dinners. Thanks to Tere, Marco, Bea, Carlitos, Miguel, Cris, Juanjo, ...

I also want to recall all my friends, Silvia, Bea, Mirian, Sol, Rosa, Trini, Martin, ...thank you
for your friendship and for keeping me into the real world.

One important person who was close to me from the beginning of my Bachelor until now, is
Yoli. I am deeply indebted to her for an uncountable set of reasons. Without her I would not be
in this point of my life. This thesis is also yours, Yoli.

Finally, the most important support comes from my parents and from my brother. They
taught me the most important lessons of the life, things that nobody could teach me better than
them. Muchas gracias por haber estado a mi lado todo este tiempo.

Manuel Alfredo Mosquera Rodriguez
Santiago de Compostela, October 2006
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Notations

This thesis consists of independent chapters and for this reason all of them are self-contained.

It is possible that some of the notation is introduced in more than one chapter. Anyway, the

following symbols and notation are common for all the chapters.

Letu,v € R™
u>v

u>vuv

The set of natural numbers

The set of integer numbers

The set of real numbers

The set of non-negative real numbers
The set of positive real numbers

The empty set

The set of all subsets of N

T is a subset of S

T is a subset of S and T is not equal to S
The cartesian product of T and S

The number of elements of S

The end mark of a proof

The end mark of an example

The end mark of a remark

Foreachi € {1,...,n},u; > v;
Foreachi € {1,...,n},u; > v;

vii
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Introduction to operations research games

Part[Ilof the dissertation is devoted to cooperative behavior in operations research situations. Itis
organized in three independent chapters. Each of them takes a well-known operations research
model and studies the sharing costs/benefits issue that arises from possible cooperation among
agents involved in the model.

Chapter 1/ deals with inventory situations. Meca et al. (2003) and Meca et al. (2004) define
inventory games associated with the multi-agent deterministic continuous review models. In such
models there exists the possibility of cooperation among agents through making joint orders.
That cooperation gives rise to cost savings and the problem is how to share them among the
agents. They also define a way of sharing the benefits originated by cooperation, the so-called
Sharing Ordering Costs rule (SOC-rule). In this chapter we introduce the property of immunity
to coalitional manipulation and it is shown that the SOC- rule is the unique allocation rule for
inventory games which satisfies this property. This chapter is based on the paper Mosquera
et al. (2006).

The problem of sharing costs in a common project used by a set of agents is studied in Chap-
ter[2l A project, throughout this chapter, has a particular structure: it is componed by several
ordered subprojects, each of them has an associated cost and each agent needs some consecutive
subprojects. We focus on how the total cost has to be shared among the agents. Villarreal-
Cavazos and Garcia-Diaz (1985) apply game theoretical models to a similar problem where the
project is a national highway and the total cost has to be shared via taxes for the different classes
of vehicles. Moreover, our problem is closely related to airport games defined by Littlechild and
Owen (1973) and to realization games studied by Koster et al. (2003). Here, we define a cost TU
game associated with the problem and we study three well-known allocation rules in the setting
of cooperative games: the Shapley value, the compromise value, and the nucleolus. It is shown that
the two first ones have simple formulas, independent of the game. For the nucleolus we provide

an easy procedure to compute it. This chapter is based on Mosquera and Zarzuelo (2006).

Finally, Chapter(3/deals with a scheduling problem. The first paper studying scheduling prob-
lems from a game theoretical point of view was Curiel et al. (1989). There, they study the class of
one-machine sequencing situations. Here we study proportionate flow shop (PFS) problems with
game theory tools. In a PFS problem several jobs have to be processed through a fixed sequence
of machines and the processing time of each job is equal on all machines. By identifying jobs
with agents, whose costs linearly depend on the completion time of their jobs, and assuming
an initial processing order on the jobs, we face an additional problem: how to allocate the cost
savings obtained by ordering the jobs optimally? In this chapter, PFS games are defined as co-
operative games associated to PFS problems. It is seen that PFS games have a nonempty core.
Moreover, it is shown that PFS games are convex if the jobs are initially ordered in decreasing ur-
gency. For this case an explicit expression for the Shapley value and a specific type of equal gain
splitting rule which leads to core elements of the PFS game are proposed. The latter rule follows
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from the algorithm proposed in Shakhlevich et al. (1998) for obtaining an optimal schedule for
PFS problems. This chapter is based on the paper Estévez-Fernandez et al. (2006).
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1.1 Introduction

Inventory centralization is known to reduce costs in several models of multi-agent inventory
cost optimization. An important problem which arises in these models is how the central man-
agement should allocate the costs among the agents.

This problem has been tackled by several authors in the last years. For instance, Hartman
and Dror (1996) consider some properties that an allocation rule should satisfy in the context
of multi-agent stochastic continuous review models, and propose a rule satisfying these proper-
ties. Hartman et al. (2000) and Miiller et al. (2002) study the core of a class of games arising in
multi-agent stochastic single-period models. Meca et al. (2003) and Meca et al. (2004) introduce
the so-called inventory games, which model cost allocation problems in multi-agent determinis-
tic continuous review models, and propose and characterize the SOC-rule (Share the Ordering
Cost) for these games, which always proposes core allocations. More recently, van den Heuvel
et al. (2007) and |Guardiola et al. (To appear) analyze new classes of games connected with cost
allocation in deterministic periodic review models, more precisely in economic lot-sizing prob-
lems. The main difference with Meca et al.’s setting is that in economic lot-sizing the orders can
only be made in a collection of fixed time instants, and that the demand and the holding costs
depend on the time period considered.

In this chapter we consider the model studied in Meca et al. (2003). So, although there are sev-
eral classes of games arising in inventory centralization, when we write inventory games through-
out this chapter, we mean the class of games described in Meca et al. (2003). In this context we
look for an allocation rule which is immune to possible manipulations of the agents involved
in the problem via artificial merging or splitting. We prove that the unique allocation rule for
inventory games which is immune to coalitional manipulation is the SOC-rule. Although coali-
tional manipulation had never been studied in the context of centralized inventory models, it
is an interesting property which has deserved a wide attention in the economical literature. Ju
(2003), Bergantifios and Sdnchez (2002) and de Frutos (1999) are three recent examples in which
coalitional manipulation is considered in various allocation problems.

The organization of this chapter is as follows. In the next section we summarize the main
features concerning inventory games and introduce a property of immunity to coalitional ma-

nipulation for allocation rules in this context. In Section[1.3 we state and prove the main result.

1.2 Coalitional manipulation in inventory games

A cost TU game is a pair (N,c) where N = {1,...,n}, with n € N, is the set of agents and
¢ : 2N — R is the characteristic function of the game which assigns to each subset S C N a cost
c(S) that has to be paid if players in S cooperate. By convention, ¢(®) = 0.

In this chapter, as in Meca et al. (2003), we deal with inventory games. An inventory game is

a cost TU game arising from a centralized multi-agent inventory cost situation, in which every
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agent faces a deterministic continuous review inventory problem which can be modeled as an
Economic Production Quantity (EPQ) with shortages proble. In such a situation, a finite
group of agents N agrees to make jointly the orders of a certain good which all them need, so
that they spend a instead of [N|a (a2 > 0 being the fixed cost of an order) every time an order is
placed. We denote by m; (m; > 0) the optimal number of orders per time unit for agent i € N if
ordering alone. In Meca et al. (2003) it is proved that the triplet (N, a, m), withm = (my,...,my),
characterizes such a centralized multi-agent inventory cost situation in the sense that, for every
coalition S C N, mg = /Y ;s m? is the optimal number of orders per time unit for the agents in S
and ¢(S) = 2amyg is the optimal average inventory cost per time unit if they place their orders jointly;
(N, ¢) is the inventory game associated with (N, 4, m). Note that, according to this expression of
the costs, the agents of N make savings if ordering together.

We denote by IV the class of inventory games with player set N, by I the class of all inventory
games, and by G the class of all cost TU games. Clearly,

I= {(N,c) €eG

¢(S) > 0 for all non-empty S C N and ¢(S)? = Zc(i)z} .

i€S
From now on, we sometimes identify a TU game (N, ¢) with its characteristic function c.

An important issue for these inventory games is how to allocate the total costs when the
agents in N cooperate. Given an inventory game (N, c) € I, an allocation of the total cost is a
vector x € R’ such that x(N) = c¢(N), where, for each coalition S C N, x(S) = Yicsxi. A
well-known set of allocations is the core, defined by

Core(N,c) = {x € R, | x(N) =¢(N),x(S) < c(S) foreach S C N}.

The core consists of all allocations of the total cost that are coalitionally rational. An allocation
rule is a map 1 which assigns to every inventory game (N, c) € I an allocation of the total cost,
i.e. avector (c) = (¢i(c))ien € R such that } ;e 9i(c) = ¢(N). An allocation rule ¢ satisfies
the null player property if for each agent i € N such that c(i) = 0, then ¢;(c) = 0. Let ¢, c’ € IV,
an allocation rule 1 is said to be monotone if for each agent i € N such that ¢(i) > ¢/(i) it holds
that c(i)y;(c) > ¢/ (i)p;(c’).

An important allocation rule in the context of cost TU games is the Shapley value. Given a cost
TU game (N, c) and an agent i € N, it is defined by

(IS = D'(N| =[S

()= ). INT! (c(S) —c(S\{i})).

SCN,S53i

Meca et al. (2003) propose a context-specific rule for inventory games, the SOC-rule. It is defined,

1The EPQ with shortages problem is a rather general deterministic inventory model; see, for instance, Tersine (1994)
for details.
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for every (N, c) € I, and every i € N, in the following way:

Note that

i e
o)~ en e
so the SOC-rule is a proportional allocation rule. In Meca et al. (2003) some good properties
of this rule are proved: it provides core allocations (i.e. o(c) belongs to the core of ¢ for every
c € I), it can be characterized using convenient sets of properties (for instance, using efficiency,
the null player property and a monotonicity property), it can be easily implemented in practice
(according to the SOC-rule each agent pays his holding costs and the fixed order costs are paid
proportionally to the squared m; parameters of the agents). In this chapter we demonstrate that it
also behaves in an excellent way from the point of view of immunity to coalitional manipulation.
Immunity to coalitional manipulation in this context means the following. We want to find al-
location rules which are immune to manipulations whereby a group of agents artificially merges
to represent a single agent, or a single agent artificially splits to represent several agents. Immu-
nity to these manipulations is relevant in practice because in many inventory situations it is
feasible for the agents to merge, simply forming an a priori centralized inventory unit, or to
split, by presenting the different sections of a unique firm which can only manage its inventory
in a centralized way as if they were different inventory units. Let us formally introduce this

property.
Definition 1.1. Let m,n € N and write M = {1,...,m}, N = {1,...,n}. Takec € IN,d € IM and
a non-empty S € N. We say that d is the S-manipulation of c if:

e M= (N\S)U/{ig},

e d(T) =c(T) forall T C Mwithis ¢ T,

o d(T) =c((T\{is})US)forall T C Mwithis € T.

Definition 1.2. An allocation rule i is said to be immune to coalitional manipulation if, for every
c,d € I such that d is the S-manipulation of c for a certain S, it holds that

Pis(d) =} wilc)- (1.1)
i€s
Let us make some comments in relation with this property. Note first that it is the aggregation of
a property of no advantageous splitting (corresponding to the "less than or equal to" in (1.1)) and
a property of no advantageous merging (corresponding to the "greater than or equal to" in (1.1)).
Observe that the effect of merging or splitting is well modeled in Definition/1.1] Let us discuss
this a bit. When the group of agents S merge in a centralized multi-agent inventory cost situation
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(N, a,m) with corresponding inventory game c, they have a new optimal number of orders per
time unit. We have already mentioned that Meca et al. (2003) prove that this number is mg =
\/Licsm?. Hence, it is easy to check that the inventory game associated with the resulting
centralized multi-agent inventory cost situation is precisely d as defined in Definition/1.1.

So, immunity to coalitional manipulation seems to be an interesting property in this context.
The main result of this chapter is that the unique rule which satisfies this property for the class of
inventory games is the SOC-rule. The next section includes a proof of this result. We finish this
section with an example which illustrates that the Shapley value is not immune to coalitional

manipulation.

Example 1.1. Consider the inventory game c, associated with the multi-agent inventory cost
situation (N,a,m) givenby N = {1,2,3},a =2, m = (1,2,2). So, ¢(1) =4, ¢c(2) = ¢(3) = §,
c(12) = c(13) = 8.94, ¢(23) = 11.31, ¢(N) = 12. If S = {2,3}, then the S-manipulation of ¢ is
the inventory game d given by d(1) = 4, d(ig) = 11.31, d(M) = 12. The Shapley value of ¢ and
d is, respectively, ®(c) = (1.88,5.06,5.06) and ®(d) = (2.34,9.66). Notice that ®; (d) = 9.66 #

P, (c) + P3(c) = 10.12, so @ is not immune to coalitional manipulation. o

1.3 The Main Result

Theorem 1.1. The unique allocation rule for inventory games which satisfies immunity to coalitional
manipulation is the SOC-rule.

Proof. Let us see first that the SOC-rule o satisfies immunity to coalitional manipulation. Take
¢,d and S as in Definition[1.1. Then,

_d(is)* _e(8)? _ (i) _
%) = Ty = o)~ o o(N) — (e

Take now 1 an allocation rule satisfying immunity to coalitional manipulation. Let us check
that, for any ¢ € IN and any j € N, j(c) only depends on ¢(N)? and on c(j)?. This is obviously
true if [N| < 2. In any other case take d, the N \ {j}-manipulation of c. Since d is a two-player
game, 1;(d) only depends on d(M)? and d(j)?. Note that d(M) = ¢(N), d(j) = c(j) and, since ¢
satisfies immunity to coalitional manipulation,

90 =c(N) = L ple) = d(M) — iy, ., () = ().

keN\{j}

Hence, ¢;(c) only depends on c(N )2 and on ¢(j)?, which means that there exists a function f
such that 9j(c) = f(c(N)?,¢c(j)?) forallc € IN and all j € N. Assume now that f is linear in
the second component (we demonstrate that this is true at the end of this proof). Then, ¥;(c) =
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g(c(N)?)c(j)? forallc € IN and all j € N. Thus,

c(N) =} ulc) = g(c(N)?) }_ c(k)® = g(c(N)*)e(N)?,

keN keN

and so

which means that

So, to finish the proof we only need to check that f is linear in the second component. To prove

it, take into account that we have a collection of functions

{f(a,.) [a€(0,+o0)}

satisfying that f(«,.) : (0,a] — [0,a], for all & € (0,+o0). Take now a,x,y € (0,+o0) with
x +y < a. Then, there exists (N,é) € I such that & = ¢(N)?, x = ¢(1)?, y = ¢(2)2. Define
S ={1,2} and take d, the S-manipulation of ¢é. Then,

flayx+y) = fEN)? Y e(k)?) = fe(N)%,6(8)?) = f(d(M)?,d(is)?)

kes

= Yi(d) =Y (@) = ) F&(N)%e(k)?)
keS keS

= fla,x) + f(a,y).

So, for every a € (0,+0), f(a,.) is additive. Then, since f(«,.) is also non-negative, it is clear
that it is moreover increasing?. It is an easy exercise to prove that every increasing additive
function & : (0,&] — [0, «] is also linear. This completes the proof. O

We finish this chapter with a comment. The class of p-additive cost games A” (for every non-zero

real number p) can be defined in the following way:

AP = {(N,c) € G| ¢(S) > 0forall non-empty S C N and ¢(S)" = ) _ c(i)"}.
i€$
Notice that I = A2. If we define allocation rule and immunity to coalitional manipulation for AP
in an analogous way as we did for I, Theorem 1.1 can be immediately extended to A”. So, the

unique allocation rule for p-additive games which satisfies immunity to coalitional manipulation
is the modified SOC-rule ¢”, which is defined, for every (N, c) € A” and every i € N, by:

poy_ @) _ @y
= Sy ™ =T

2We do not mean strictly increasing, but just increasing, i.e. x <y = f(a,x) < f(a,y) for each x,y € (0, a].
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2.1 Introduction

In this chapter we address the question of road pricing. A large amount of the related literature
has been concerned with the congestion issue. Instead, we are to pay attention to the problem of
sharing the cost of construction and maintenance among the users, according to the principles
of equity and efficiency.

There are some papers that deal with the problem of assigning taxes to different classes of ve-
hicles (cars, trucks, motorbikes, etc.) in a road. Villarreal-Cavazos and Garcia-Diaz (1985) study
such a problem. They provide four assigning methods based on the different characteristics of
the classes of vehicles. Only one of those methods make use of game theory tools: the nucleolus.
They call this method the generalized method.

In this chapter we want to go a bit further. We will study a resource more general than roads.
Note that a road can be seen as a public resource with a particular structure. Therefore, we will
refer to public resources instead of roads. The cost function in this case can be stated very eas-
ily. The resource (highway, projects, etc..) can be split up in several segments or sections, and
each agent uses a subset of adjoining segments. The cost of each segment depends mostly on its
length and the number of potential users. The simplicity of the cost function makes the appli-
cation of the game theory particularly suitable. To apply the concepts and techniques coming
from this theory is the main purpose of the present work.

A natural way for sharing costs is to divide the total cost proportionally to the individual
costs. This rule is used in a lot of environments and it has very good properties. In our setting,
the proportional rule coincide with the compromise value (7- value) for cost TU games. An-
other well-known rule for sharing costs is the equalitarian rule. In our setting, the equalitarian
rule that share the cost of each section equally among the agents who want/use such section
coincides with the Shapley value.

In this chapter we also study the nucleolus. Even though this solution concept is not so easy
to compute, we know that it is used in real situations (see Villarreal-Cavazos and Garcfa-Diaz,
1985). Moreover, we find a simple way of computing it in our particular setting.

Let us recall some basic definitions from game theory we will use through this chapter. A co-
operative cost game with transferable utility, or cost TU game, is a pair (N, c), where N = {1,...,n},
with n € N, is the finite set of players and ¢ : 2V — R is the characteristic function which
assigns to each subset S C N of players a cost c(S) that has to be paid if players in S cooperate.
By convention, c(@) = 0. Nonempty subsets of N are called coalitions. A cost TU game is called
subadditive if, for each S,T C N such that SNT = @, it holds that ¢(S) +¢(T) > ¢(SUT). A
cost TU game is said to be monotone if ¢(S) < ¢(T) foreach S C T C N. For each T C N, the
unanimity game (N, 17) is defined by

1 ifTCS
17(S) = foreach S C N.
0 otherwise
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An allocation is a vector x € IR" assigning cost x; € R to player i € N. Let x € R" be an
allocation and let S C N be such that S # @. We write xg for the restriction of x to IR, and
x(S) = Yics x;. An allocation x € R” is said to be efficient if x(N) = c¢(N), and it is said to be
individually rational for (N, c) if x; < c({i}) for each i € N. The set of efficient and individually
rational allocations for (N, ¢) is called the imputation set of (N, c) and it is denoted by

I(N,c) ={x € R" | x(N) =c¢(N),x; <c({i}) foreachi € N}.

Moreover, x is stable for (N, c) if x(S) < ¢(S) for each S C N, i.e., no coalition can improve by
not joining to the grand coalition. The set of stable imputations for (N, c) is called the core of
(N, ¢) and it is denoted by

Core(N,c) = {x € R" | x(N) = ¢(N),x(S) < ¢(S) foreachS C N}.

A cost TU game (N, ¢) is said to be balanced if its core is nonempty (Bondareva, 1963; Shapley,
1967). An important subclass of balanced games is the class of concave games. A cost TU game
(N, ¢) is said to be concave if ¢(S) +¢(T) > c¢(SUT) +c(SNT) foreach S,T C N. Two cost TU
games (N, c¢) and (N, ¢) are called strategically equivalent if there exist k € Ry and a € R" such
that ¢(S) = ke(S) +a(S) foreach S C N.

The structure of the chapter is as follows. First, in Section 2.2, we introduce a cooperative
game, that we call highway game. A movement along a subset of adjoining resource sections is a
player in this game. The characteristic function will be given by the cost function. It turns out
that airport games (Littlechild and Owen, [1973) are a special class of highway games. On the
other hand, this class of games is in its turn a subclass of realization games defined in Koster et al.
(2003), which arise from a realization problem. In this paper, the authors show that realization
games are convex games and they prove a relation among the core of the game and the set of
strong Nash equilibria of a noncooperative game arising from the realization problem. However,
they do not study particular allocation rules for such games. In Section[2.3} taking advantage
of the simple structure of the highway games, we derive simple formulas for the Shapley value
and for the compromise value. Finally, in Section[2.4, we focus on the nucleolus. We present an
algorithm finding the nucleolus in at most # steps, each one requiring at most O(n) elementary
operations, where 1 is the cardinality of the player set.

2.2 Highway problems

In many real situations several agents want to use the same public resource. Sometimes, the
public resource can be decomposed in a finite number of indivisible and ordered sections where
each section has an associated cost (construction, maintenance, ...). Each agent needs some
consecutive sections of the resource and all of them have to bear the total cost of the resource. An
easy example of that situation is a linear highway, where the indivisible sections are delimited
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by the entry/exit points and each agent only needs the highway sections in between his entry
and his exit points.

A Corufia @ ® Vigo

Figure 2.1: Example of a linear highway.

We call a highway problem to a 4-tuple (N, M,C,T), where N = {1,...,n}, withn € N,
represents the set of agents, M = {t,...,t,}, with m € N, is the completely ordered set of
indivisible resource sections, C : M — R, is the cost function which represents the cost of

each resource section, and T : N — 2M is such that
a) foreachi € N there exista;, b; € Mwitha; < b;and T(i) = {t € M |a; < t < b;},

b) UieN T(i) =M

where each T(i) represents the resource sections agent i needs. Let us note that the second

condition on T means that all sections of the resource are used.

Remark 2.1. Let us note that highway problems are generalizations of airport problems, since an

airport problem is a highway problem with a; = ¢; foralli € N. <

Associated with each highway problem one can define a cost TU game. Let (N,M,C,T) be
a highway problem. The cost of attending agent i is denoted by c(i) = Ycr(;) C(t). Givena
coalition S C N, we denote by T(S) = U;es T(i) the set of sections needed by coalition S and by

c«(§)= ). C

teT(S)

the cost of attending the members of S. By convention, ¢(®) = 0. The pair (N, ¢) is the cost TU
game called the associated highway game.

Example 2.1. Take the linear highway represented in Figure|2.1/(names are places in Spain). The
highway connects “A Corufia” and “Vigo” and numbered black points represent entries and
exits of the highway. This points split up the highway into 4 sections: A Corufia < Santiago
(t1); Santiago < Padrén (tp); Padron < Pontevedra (t3); and Pontevedra < Vigo (t4). Then,
M = {t,tp,t3,t4}. Suppose that the cost of those sections are: C(t1) = 8, C(tp) = 4, C(t3) = 6,
and C(t4) = 6. Let us assume that 4 agents are the users of this highway. Agent 1 wants to go
from A Corufia to Santiago; agent 2 from Padrén to Vigo; agent 3 from Corufia to Pontevedra;

and agent 4 wants to go from Santiago to Vigo. For clearness, we denote each agent by a pair ij,
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8 4 6 6
A Corufia @ ® Vigo
12 35

Figure 2.2: Linear highway of Example

i < j, where i is his entry point and j is his exit point, so, for instance, agent 3 will be represented
by the pair 14. This situation is represented in Figure

The set of agentsis N = {12,35,14,25} and the set of highway sections needed for each agent
are: T(12) = {1}, T(35) = {t3,t4}, T(14) = {#1, t2,t3}, and T(25) = {t3,t3, t4}. Note that, with
our notation, T(ij) = {t;,...,tj 1}

Hence, we have the highway problem represented by (N, M, C, T). The associated highway

game is

s |@ {12} {35} {14} {25} {12,35} {12,14} {12,25} {3514} {35,25}
cs)lo 8 12 18 16 20 18 24 24 16

S | {14,25} {12,35,14} {12,35,25} {12,14,25} {35,14,25} N
os)| 24 24 24 24 24 24

It is easy to check that this game is monotone, subadditive and concave. &
The next proposition states some properties of the highway games.

Proposition 2.1. Let (N, M, C, T) be a highway problem. Then the associated game (N, c) is monotone
and concave.

Proof. Let S C R C N. Since T(S) € T(R) and C(t) > 0 for each t € M, we have that
c(S) < ¢(R). Therefore, (N, c) is monotone.
Let S,R C N. Then,

c(S)+¢(R)

Y. chH+ ), C@)

teT(S) teT(R)

= Y, ch+ ), C

tET(S)UT(R) teT(S)NT(R)
> Y, CH+ ). Cc@
teT(SUR) teT(SNR)
= ¢(SUR)+c¢(SNR),

where the inequality follows from that C(¢t) > 0 for each t € M, T(SUR) = T(S) UT(R) and
T(SNT) C T(S)NT(R). Therefore, (N, c) is concave. O
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Remark 2.2. Let (N, M, C, T) be a highway problem. Let t € M. Itis easy to check that:
if{i e N[teT(i)}={j}thenc=cppp +c(t)l;

where (N, ¢\ f1)) is the highway game arising from (N, c) when the section ¢ is dropped out,
and (N, 1) represents the unanimity game associated with coalition S C N. Then (N, c) and
(N, c|m\{t}) are strategically equivalent. <

By Remark 2.2] we can make the following assumption:
Assumption 2.1. |{i € N |t € T(i)} | > 1 foreacht € M.

Note that Assumption 2.1 is not so restrictive. Our aim is to calculate the Shapley value,
the compromise value and the nucleolus, and these solution concepts satisfy covariance un-
der strategic equivalence. Recall that a solution concept ¢ is said to be covariant under strate-
gic equivalence if, for each pair of strategically equivalent games (N, c) and (N,¢), we have
(N, ¢) = kyp(N,c) + a.

2.3 Natural sharing cost rules for highway games

Let (N, M,C, T) be a highway problem. A natural way of sharing costs in a highway problem
can be to share the cost of each resource section equally among the agents who use it. Then each
agenti € N would pay

| ) ()
GNMED = b TGeNT e TRy

Another possible and natural way of sharing cost can be to share the total cost proportionally to
the individual costs, i.e., proportionally to c({i}), and so, each agent i € N would pay

Y, <)

. _ T CUS
mi(N,M,C,T) = Y Y tG%C(t)_ ZC({],})C(N).
JEN teT(j) jeN

In this section, we prove that (N, M,C,T) and (N, M, C, T) coincide with two well-known
solution concepts for cost TU games: the Shapley value and the compromise value, respectively.

An allocation rule, or sharing cost rule, is a function i which, for each cost TU game (N, c),
selects an allocation in R". It is said that 1 is efficient if it always selects efficient allocations; ¢
is symmetric if for each pair i,j € N such that ¢(SU {i}) = ¢(SU {j}) foreach S C N\ {i,j},
we have §;(N,c) = ¢;(N,c); ¢ is additive if for each pair of cost TU games (N, c) and (N, d),
P(N,c+d) = ¢(N,c) + ¢(N,d) where (N, c + d) represents the sum game of (N, c) and (N, d).
The Shapley value (Shapley, 1953) is an allocation rule which assigns, to each cost TU game (N, ¢),
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an allocation ®(N, ¢) given by

oo~y WD o(s) —c(s gip)

SCN,53i

for each player i € N. Recall that the Shapley value satisfies efficiency, symmetry and additivity.

Proposition 2.2. Let (N, M, C, T) be a highway problem and let (N, ) be its associated highway game.
Then
®(N,c) =C(N,M,C,T).

Proof. Let t € M. Define the characteristic game (N, ¢;), where

0 otherwise

o(S) = { C(t) ifteT(S)

forall S C N, and ¢;(@) = 0. By symmetry and efficiency of Shapley value,

C(t)
®;(N,c;) =< [{jeN[teT()}|
0 otherwise

ift € T(i)

for eachi € N.
Moreover, ¢ = } ;< ¢t Then, by additivity of Shapley value,

P;(N,c) = Z ®;(N,c;) = 2 C(t)

=((N,M,C,T).
teM teT(i) ‘ {] €N | te T(])} ’ C( )

foreachi € N. O

Remark 2.3. Proposition|2.2]is also valid for the class of cooperative realization games defined in
Koster et al. (2003), which is a generalization of the class of highway games. <

Another well-known allocation rule for cost TU games is the compromise value. In its defini-
tion the following concepts appear. Let (N, ¢) be a cost TU game. The utopia vector U(N,c) € R"
for (N, ¢) is given by U;(N,c) = ¢(N) — ¢(N \ {i}) for each i € N. The minimum right vector
m(N, c) € R" is given, for each i € N, by

mi(N,c)= min <c(S)— Y Uj(N,c)p.
sczv:ssz{ s /
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The core cover of (N, ¢) is defined a£
CC(N,c) ={x e R"| x(N) =¢(N),m(N,c) > x> U(N,c)}.

A cost TU game (N, ¢) is called compromise admissible if CC(N, c) # @.

The compromise value, or T-value (Tijs, 1981), is the allocation rule on the class of compromise
admissible games defined as the point on the line segment joining m(N, c¢) and M(N, c) that is
efficient, i.e.

T(N,c) =alU(N,c) + (1 —a)m(N,c)

with a € [0,1] such that } ;5 (N, ¢) = ¢(N).
Proposition 2.3. Let (N, c¢) be a highway game. Then,
(A) U;(N,c) =0 foreachi € N.
(B) m;j(N,c) = c({i}) foreachi € N.
Proof.
(A) It easily follows from Assumption[2.1.

(B) Since (N, c) is monotone and by in this proposition, m;(N,c) = c¢({i}) for each i €
N. O

By Proposition 2.3) the following corollary can be established.

Corollary 2.1. Let (N, M, C,T) be a highway problem and let (N, c) be its associated highway game.
Then (N, c) is compromise admissible and

T(N,c) = n(N,M,C,T).

2.4 The nucleolus of highway games

The nucleolus is another well-known solution concept for cost TU games. Roughly speaking,
the nucleolus tries to maximize the “happiness” of the less happy coalitions with the proposed
imputation (or to maximize the minimum satisfaction). The main goal of this section is to find
an easy procedure for computing the nucleolus for highway games.

Let (N, c) be a cost TU game, let S C N and let x € R" be an allocation. The excess e(S, x) of
coalition S at allocation x is given by e(S,x) = ¢(S) — x(S). The greater ¢(S, x), the happier S will
be with x. Let 8(x) € R?" be a vector obtained by arranging the excess of all coalitions of N at x
in non decreasing order. Let x,y € R?". Tt is said that x is lexicographically greater than (or equal

IRecall that we are working with cost games, then “utopia” means the minimum cost that one has to carry out and
“minimum right” means the maximum cost that one has to pay.
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to) y, and it is denoted by x > y, if x = y or if there exists an s € {1,...,2"} such that x; = y;
foreachk € {1,...,s — 1} and x5 > ys.

If Z(N,c) # @, the nucleolus v(N, c) of (N, c) is the unique imputation that lexicographically
maximizes 6(x) over the imputation set (Schmeidler, 1969), i.e.

v(N,c) ={x € Z(N,c) | 6(x) >L 6(y) forally € Z(N,c)}.

If no confusion is possible, we write v for the nucleolus of a cost TU game (N, ¢).

If an allocation x € R" has been proposed in the game (N, c), player i can compare his
position with that of player j by considering the minimum surplus s;;(x) of i against j with respect
to x, which is defined by

sij(x) = gréirr;e(s,x)
wherel';; = {S C N |i€S,j &S} . Theprekernel of (N, c) (Maschler et al., 1972) consists of those
efficient allocations x such that s;j(x) = s;j;(x) for each i,j € N. Let us note that, for concave
games, the prekernel coincides with the nucleolus (Maschler et al., 1972).

Next, in Subsection 2.4.1} through several results, we identify some coalitions with minimal
excess at the nucleolus. We provide an easy way to calculate the excess at the nucleolus of those
coalitions. Indeed, we only need to know the parameters of the highway problem and not the
full highway game for computing them. Finally, in Subsection 2.4.2, we provide the procedure
for computing the nucleolus.

241 The minimal excess at the nucleolus of a highway game

In this subsection we study the structure of the collection of coalitions with minimal excess at the
nucleolus for a highway game. This collection plays a key role in the procedure to be presented
in the next subsection. For the rest of this subsection (N, M, C, T) is a fixed highway problem.

First of all, we want to point out that v; = e(N \ {i},v) for each highway game (N, c) and
eachi € N, because of Assumption 2.1} Then, in order to compute the value of the nucleolus for
a highway game, we only have to compute the value of e(N \ {i},v) for each i € N. We will see
that there exists an easy procedure for computing e(N \ {i}, v) without knowing the value of the
nucleolus v.

A highway problem (N, M, C, T) is said to be completely separable if there exists a finite collec-
tion of highway subproblems {(N;, My, Cy, Tg)}];:l, with k > 1, such that

a) {Ny,..., Ny} isa partition of N such that T(N;) N T(N;) = @ for each pair j, £ € {1,...,k},
b) My =T(N;),Cp = Cjp, and Ty = T}y, foreach £ € {1,... k}.

Notice that, for each S C N, ¢(S) = Zlézl c¢(SN Ny) and that, for each ¢ = {1,...,k}, the
game (Ny, ¢;) corresponds with a highway game.
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Lemma 2.1. Let (N, M,C,T) be a completely separable highway problem. Let (N,c) be its associ-
ated highway game and let (Ny,cy) be the highway game associated with (Ny, My, Cy, Ty) for each
te{1,...,k}. Then, foreach ¢ € {1,...,k},

V(N/ C)|N[ = V(NZ/ Cf)‘

Proof. By simplicity in the proof, assume that k = 2 and that i > j for each i € Nj and each
j € Np. Letalsov = v(N,c), u = (v(Ny,c1),v(Np, c2)), vl = v(N,¢)|n,, and 1’ = v(Ny,cp) for
each ¢ € {1,2}. Note that, by definition of a completely separable highway problem, ¢(S) =
c(SNNy) +¢c(SN Ny). Then,

(i) e(S,x) =e(SN Ny, xn,) +e(SN Nz, xy,) foreach S C Nand x € R,
(ii) u € Core(N,c), v! € Core(Ny,cq), and v> € Core(Ny, c2),
(iii) (Np,c1) and (Np, c3) are concave since (N, ¢) is concave.
(iv) e(S,x) > max{e(S N Nl,x‘Nl),e(S N Nz,x|N2)}, foreach S C N and x € Core(N,c).

Let x € R". By|(i), 6(x) is obtained from 6(x|y, ) and 6(xy,) by adding up one component
of 0(x|y,) and one component of 6(x|y,). Namely, for each £ € {1,...,2"}, there exist {; €
{1,...,2"m}and £ € {1,...,2"} such that 6,(x) = 0y, (x|n,) + s, (¥|n;)-

We will show that (u!) = 6(v!) and 8(u?) = 6(v?). Assume that one of the former equalities
is not true. For instance, 8(u!) # 6(v') (analogously for 6(u?) # 0(v?)).

First we recall some definitions and implications for keeping in mind through this proof.
Since ! is the nucleolus for (Ny,c;) and 6(u!) # 0(v!), there exists iy € {1,...,2"} such that
6,(u') = 0,(v!) for each ¢ < ig and 6, (') > 6;,(v'). Moreover, since yi? is the nucleolus for
(Na,c3), then 8(u?) = 6(v?) or, there exists jo € {1,...,2™} such that 6,(u?) = 6,(v?) for each
¢ < jpand 9]-0(],12) > 0, (v?). If there exists such jo, we assume, w.L.g., that 6; (u!) < 0, (1?).

We want to compare vectors (y) and (v). Let then kg € {1,...,2"} be such that 6;,(u!) =
Ok, (1) and O, (1) > Ok 1 (1), i.e, ko is the smallestindexin {1, ...,2"} such that 0; (') = 6y, (1)
Let j; € {1,...,2"} be such that 6 (u') < 0]-1(;42) and 6, (u') > Gjl,l(yz). Let us note that, j;
always exists because the vector 8(y?) has at least two different components, and if there exists
jo, then ji < jo. Taking into account that, for each ¢ < ko, 6,(1) < 6, (1) = 6;, (') and that
0i, (') < 6j, (4?), then there exist {1 < ip and ¢, < j1 such that 6,(u) = 6, (u') + 604, (). Then,

() = 0 (') + 00, (1?)
= 0, (v") + 0, (v?) (2.1)
= 0,(v),

for each ¢ < ko, where the second equality follows from the choice of iy and j;.
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By the above reasoning, we also know that for each ¢ < k¢ there exist {1 < ip and £, < j;
such that 6,(v) = 6, (v!) 4 6, (v?). Then, there exists ¢ > ko such that 6,(v) = 6;,(v!), and so
Ok, (v) < 0;,(v1). Moreover, 6; (v!) < 6;,(4') by the choice of iy. Thus,

O, (V) < 0 (V1) < 63, (") = 64, ().

Therefore, 6(p) >1 6(v) which is a contradiction because v is the nucleolus for (N, c).
In conclusion, we have showed that 6(u!) has to equal 6(v!) and then, by the uniqueness of
the nucleolus, v(Ny, c1) = p! = vl = v(N, ), O

Note that we could state an analogous version of Lemma [2.1/for the following more general
class of cost TU games. A cost TU game (N, c) belongs to this class if the game is concave and,
there exists a partition {Nj, ..., Ny} of N such that ¢(S) = c¢(SNNj) + ...+ ¢(SN Ng) for each
S C N. The proof would be analogous. From now on we will work with highway problems that
are not completely separable.

Let (N, c) be a cost TU game and let x € R”. We denote by

Di(x) ={SC N |e(S,x) <e(T,x), foral TCN, S,T # Q}.

to the set of proper coalitions of N with minimal excess at x.

For each coalition S C N we denote by S° = N \ S to the complement of S in N. A family
of coalitions {51, ..., S} is said to be an antipartition of N if the family {S5,...,S{} formed by
their complements is a partition of N. We shall use the following result due to Arin and Ifarra
(1998ﬁ which relates partitions and antipartitions with the nucleolus.

Theorem 2.1. [Arin and Ifiarra, 1998] If (N, c) is concave, and v its nucleolus, then D1 (v) contains a
partition or an antipartition of N.

Let (N, ¢) be a cost TU game, let x € R", and let B a family of coalitions of N. Define

e(B,x) = ZSGLT;?S/X)

as the average excess of coalitions in B at x. For each B C D;(x) and each S € D;(x), it holds
e(B,x) =e(S,x) =e(Dy(x),x).

If B is a partition or an antipartition, and x(N) = ¢(N), then e(B, x) is independent of x.
Indeed, it is easy to check that
_ Lsepc(S) —c(N)

e if P is a partition: e(P, x) = P p

2They showed Theorem|2.1 for convex games.
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Lseac(S)— (1A = 1)e(N)
| Al '

A coalition S C N is said to be relevant if there exist ag, bs € M such that:

e if A is an antipartition: ¢(A, x) =

() T(S) = {te M|as <t <bs},
(ii) if T(i) C T(S), theni € .

Note that S is relevant if and only if S = {i € N | ag <t < bg for each t € T(i)}. We denote by
RC(N, c) the set of relevant coalitions for the highway game (N, ¢). If no confusion is possible,
we write RC.

Next proposition identifies some partitions or antipartitions contained in D; (v) according to
Theorem 2.1

Proposition 2.4. Let (N, c) be a highway game. At least one of the following statements is true.
(A) There exists a partition of N, {S1,S2} C D1(v) with §1,S; € RC.

(B) There exists an antipartition of N, {S1,S:} U{N\ {i} | i € S1N Sy} C D1(v) with $1,S, €
RC.

(C) There exists an antipartition of N, {S} U {N\ {i} | i € S} € D1(v) with S € RC.
(D) The antipartition of N, {N\ {i} | i€ N} C D;(v).

Proposition 2.4 simplifies the search for coalitions with minimal excess, since one only has
to seek among the combination of partitions or antipartition described in such proposition. We
need some extra lemmas to prove that proposition.

Lemma 2.2. Let (N, c) be a highway game. For each partition or antipartition B # {@,N} of N, it
holds e(B,v) > 0.

Proof. Let BB be a partition of N. Then, e(B,v) = W. By subadditivity of (N,c),
e(B,v) > 0.Ife(B,v) =0, then T(S) N T(R) = @ for each pair S,R € B. Hence, (N, M,C,T) is
completely separable, which is a contradiction.

Let B be an antipartition of N. Then, ¢(B,v) = Lscs C(S)_‘gB'_l)C(N) . Foreach t € M, we will

prove that t is needed at least for all but one coalitions in B. Suppose that it is not true. Then,
there exists S, R € B such that t ¢ T(S) U T(R). Moreover, SUR = N since B is an antipartition
of N. Then, T(S) U T(R) = M which is a contradiction with t ¢ T(S) U T(R).

Then,

Y8 =Y Z)C(t) =(Bl-1) Y cHy+ Y. C®). 22)

seB SeBteT(S teM teNsep T(S)

Suppose that Vg T(S) = @. Let B’ = {R,Ngep.s2r S} with R € B. Itis easy to check that B’ is
a partition of N. Moreover, by assumption, T(scp.s.r S) N T(R) = @. Then, (N, M, C, T) can
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be decomposed in (R, T(R), Cg, Tjr) and (Nses:s2r S, T(Nsep:s£r S). Clﬂsas:s;uz S T‘mSEB:S#RS)’
and so, it is completely separable, which is a contradiction. Then, Ngeg T(S) # @, and

ZteﬂS€B T(S) C(t) > 0
Using the above result and equation (2.2), we conclude that e(B,v) > 0. O

Lemma 2.3. Let (N, c) be a concave TU game.
(A) Let S, T € D1(v). IfSNT # @, then SNT € D1(v). If SUT # N, thenalso SUT € D1(v).
(B) Let Sy,...,Sx € Di(v). If N5, S; # @, then N*_;S; € D1(v). IfU,S; # N, then also
UL, Si € Di(v).
Proof.
(A) SeeMaschler et al. (1972)
(B) By induction. O
Lemma 2.4. Foralli € N,v; > 0.

Proof. The proof will be done by contradiction. Suppose that there exists i € N such that v; = 0.
In that case, e(N \ {i},v) = 0. By concavity, e(S,v) > 0forall S C N. Therefore, N\ {i} € D;(v).
Moreover, sj;(v) = 0 forall j € N\ {i}, where s;;(v) denotes the minimum surplus of j against i
with respect to v.

Let j € N\ {i}. Since v belongs to the prekernel of (N, c), it holds s;;(v) = s;;(v) (= 0). Then,
there exists a coalition S(j) C N\ {j} such thati € S(j) and e(S(j),v) = 0. Then, S(j) € Dy (v).

By|(B)| of Lemma|2.3]it follows {i} = ;4 S(j) € D1(v). Therefore, e({i},v) = 0 which is a
contradiction with e({i},v) = c¢({i}) > 0. O

Lemma 2.5. Let S C N. If S € D1(v), then
(A) Se RCor
(B) S| =n—-1.

Proof. The proof will be done by contradiction. Suppose that there exists S € D;(v) such that
S & RC and |S| < n — 1. Two cases are considered.
Case L. ¢(S) = ¢(N).

Leti € N\ S and consider S = SU {i} (# N, since |S| < n — 1). Then,

e(S,v) =¢(S) —v(S) =c(S) —v(S) —v; =e(S,v) —v; < e(S,v),

where the inequality follows from Lemma/2.4| Therefore, S ¢ D;(v), which is a contradic-
tion.

3They showed it for convex games.
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Case II. ¢(S) # ¢(N).

Since T(S) # M and S ¢ RC, there exists a finite collection {{a',b'},...,{a*,b¥}} ¢ M
such that,

(a) if My = {t eM ‘ al <t < be} foreach ¢ € {1,...,k}, then Ullf:l M, =T(S),

(b) foreach ¢ € {1,...,k}, there exists Sy C S such that T(S;) = M, and, foreachR C S
with T(R) = My, itholds that R C Sy,

) foreach ¢ € {1,...,k — 1}, there exists t € M such that b’ < t < a1,
(c)

Let¢ € {1,...,k} and Ry = {i € N | T(i) C M,}. By definition, T(R;) = M, and, for each
i € N such that T(i) C T(R,) it holds thati € R;. Then, R, € RC. Since c(U5_, R;) =
¢(S) # c(N), we have that J5_, R; # N.

Suppose that Ullle Ry = S. Let us check that this case is not possible. Since S ¢ RC
and R, € RC for each £ € {1,...,k}, then k > 2. Moreover, ¢(S) = Y%_, c(R,) since
T(R;)NT(Ry) = @ foreach {,p € {1,...,k} and then e(S,v) = Yk _ e(Ry,v). Since S €
Di(v) and e(R,v) > 0 for each R C N, then e(S,v) = e(Ry,v) = 0. Moreover, we obtain
that e(R,v) = 0 for each R € D;(v). However, by Theorem|[2.1} there exists a partition or
an antipartition B in D1 (v) and by Lemmal2.2) e(B, v) > 0, which is a contradiction.

Let then J5_; Ry # S. Then,
k k
E(UR[,I/) = c(S)—v(S)—v((URO\S)
(=1 /=1

< e(Sv),

where the inequality follows from Lemma 2.4. Therefore, S ¢ D;(v) which is a contradic-
tion. O

Now, we are in conditions to prove Proposition 2.4.

Proof of Proposition[2.4. By Theorem[2.1, D;(v) contains a partition or an antipartition of N so,

two cases are considered.

Case I. There exists a partition P = {Py,..., P} € D1(v).

By Lemma|2.5/and by definition of partition, either P = {{i}, N \ {i}} for some {i} € RC,
or Py e RCforall¢ € {1,...,k}. In the former case, P is also an antipartition of N and the
case|(C)|is true.

Let then P = {P,..., Pt} be such that Py € RC forall ¢ € {1,...,k}. Assume, w. L. g,
that t; € T(P;) (recall that M is an ordered set and t; represents its first element). By|(B)
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of Lemma (2.3, Pf = Uyz1 Py € D1(v). Moreover, by Lemmal2.5, |P{| = n — 1 or P{ € RC.
If the latter case is true, then P’ = {Py, P{} is a partition of N and P’ C D1(v). Therefore,

case is true.

Let see that |P{| = n — 1 is not possible. Suppose that |Pf| = n — 1, i.e., there exists i € N
such that P; = {i}. By Assumption[2.1, t; € T(Pf), then there exists £y # 1 such that
T(i) € T(Py,). Since i ¢ Py, then Py, ¢ RC which is a contradiction.

Case II. There exists an antipartition A = {A1,..., A} € D1(v).

By Lemmal2.5, for each ¢ € {1,...,k}, Ay € RC or |Ay| = n — 1. Let r be the number of
relevant coalitions in A. The cases|(B)} (C)land|(D)|correspond withr = 2,7 =1,and r = 0,
respectively. Then, we have to prove that r < 2.

It will be proven by contradiction. Suppose that r > 3, consider, w. 1. g., that A, Ay, A3 €
RC and suppose that t; € T(A;). By definition of antipartition A§ C Aj N Ay # @
and then, T(A§) € T(A; N Ay) C T(A;) NT(Az). Moreover, Ay UA; = N and then
T(A1) UT(Az) = M. Since A1, Ay € RC, it follows that T(A1) # M, T(Az) # M and
T(A)NT(A2) = {t € M |as, <t <bgu, } withas, #t and ba, # ty,ie. T(A1) NT(Az)
is in the middle of the resource. Therefore, T(A5) C T(A1) N T(Ay) is in the middle of the

resource.

On the other hand, M = T(A3) UT(AS) and, since A3 € RC, T(A3) # M. Then, there
existno as,, ba, € M such that T(A3) = {t € M| as, <t < by,}. Otherwise,

M

T(A3) UT(A3) € T(As) U (T (A1) N T(Az))
{teM|ag, <t<bag}U{teM|as, <t<by}CM,

where the last strict set inclusion follows from a4, # t1, ba, # tmand aas, # tyorba, # ty
since T(A3) # M.

Therefore, A3 ¢ RC which is a contradiction. O
Proposition 2.4 provides some families of coalitions with minimal excess at v. Then, in order
to identify some coalitions in D;(v), we have to calculate the excesses at v for such families

and to identify the minimum ones. Next proposition provides an easy way to calculate such

excesses.
Proposition 2.5. Let (N, c) be a highway game.

(A) Let P = {S1,S2} be a partition of N with S1,S; € RC. Then,

e(P,v) = Easzgtﬁ;sl Cf(t).
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(B) Let A ={S1,S,} U{N\{i} | i € S1 NSy} bean antipartition of N with S1,S, € RC. Then,

Lag, <t<bs, C(t)
ISy NSy +2

e(A,v) =
(C) Let A= {S}U{N\{i} | i € S} bean antipartition of N with S € RC. Then,

C(t
e(4,v) = Bsgists =0

(D) Let A= {N\{i} | i € N} bean antipartition of N. Then,

(A y) = temC(H)
A =N

Proof. (A) Let P = {Sy,S,} be a partition of N with S1, S, € RC. By definition of e(P, v),

e(P,v) Lsepc(S) —c(N)

2
c(51) +¢(S2) —c(N)
2
Zasl <t<bg, C(t) + Zﬂ52§t§b52 C(t) B Ztlﬁtﬁtm C(t)
2

Lo, <t<bs, C(t)

2 7
where the third equality is consequence of S1,S; € RC, and the fourth one is a conse-
quence of S; U Sy = N.

(B) Let A = {S1,S,} U{N\ {i} | i € 51N S;} be an antipartition of N with S1,S, € RC. By
definition of e(A, v),

e(Av) = Yseac(S) —|J(i.|/4| —1)¢(N)
c(S1) +¢(S2) +1S1NSa|e(N) — (|S1 NSz +1) ¢(N)
|S1 NSy +2
c(S1) +¢(S2) — ¢(N)
|S1 N Sz|+2
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Lag, <t<bs, C(t) + Lag, <t<bs, C(t) — Ty <t<t, C(t)
|S1 NSy +2

Zaszﬁfﬁbsl C(t)
[S1 NSy +2

7

where the second equality follows from ¢(N \ {i}) = ¢(N) for each i € N, the fourth one
is a consequence of S1, Sy € RC, and the last one follows from S; U S, = N.

(C) Let A = {S}U{N\ {i} | i € S} be an antipartition of N with S € RC. By definition of

e(Av),
e(Av) = Yscac(S) _|f4~|/4| —1)c(N)
_ () +IS[e(N) — |S[e(N)
S]+1
_ Taarens )
B S|+1

where the second equality follows from ¢(N \ {i}) = ¢(N) for each i € N, and the third

equality is a consequence of S € RC.

(D) Let A = {N\{i} | i € N} be an antipartition of N. By definition of (A, v),

e(Av) = Yseac(S) = (A —1)¢(N)

|A|
_INJe(N) = (IN| = 1) ¢(N)
IN|
Liem C(t)
IN| 7
where the second equality follows from ¢(N \ {i}) = ¢(N) for each i € N. O

The numbers given in Proposition 2.5/ are the basic tool for the procedure that will be pre-
sented in the following subsection. For that reason, we denote:

e foreach 51,5, € RCs. t. {51, Sy} is a partition of N,

Zt:a52§t§b51 C(t)

0((51,52) = 2 ’
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e foreach 51,5, € RCs. t. {S1,5} U{N\{i} | i € S1 N S,} is an antipartition of N,

Zt:as2gtgb51 C(t)

$1,5,) =
B(51, %) 151N Sy +2

4

o foreach S € RCs. t. {S}U{N\ {i} | i € S} is an antipartition of N,

 Lrag<t<ps C(1)

"8 ="
o for {N\ {i} | i € N}, antipartition of N,
5 meemC(t)
IN|

Denote also the minima of each group of above numbers as

« = min{a(Sy,S2) | {51,52} € RC partition},

. 51,52 € RC,
= 51,5
p = min {5( 152) | (5 shu {N\{i} | i € $, NS, } antipartition }
= min{ y(S) S € RC,
T i {S}U{N\ {i} | i € S} antipartition |

By propositions 2.4 and[2.5, the nucleolus for some (or all) agents in N can be easily obtained.

Next corollary shows it.
Corollary 2.2. Let A = min{w,,7,6}.

(A) If A = B, then v; = A, for each i € Uyg, s,ye4,(p) (51N S2) where

Az2(B) = {{Sl S} CRC {1,523 U{N\ {i} | i € Sy N Sy} antipartition, } .

B(S1,52) = B
(B) If A =y, thenv; = A, for each i € Use 4, () S where

Al(’)/) = {S € RC

{SYU{N\{i} | i € S} antipartition, }
7(8) =7 '

(C) If A =9, then v; = A for eachi € N.

Proof. By propositions|2.4, and[2.5} it follows that e(S,v) = A forall S € Dy (v).
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(A) Let A = Band let {S1,S2} € Ax(B). Then, foreachi € SN Sy, N\ {i} € D1(v) and

A =e(N\ {i},v) = c(N) —v(N\ {i}) = vi.

(B) Let A = y and let {S} € A;j(7). Then, foreachi € S, N\ {i} € D1(v) and

A =e(N\ {i},v) = e(N) —v(N\ {i}) = vi.

(C) Let A = 4. Then, for eachi € N, N\ {i} € D;(v) and

A=e(N\ {i},v) = c(N) —v(N\ {i}) = v;. O

2.4.2 Algorithm for computing the nucleolus of a highway game

Finally, we propose a procedure to calculate the nucleolus for highway games. We follow the
Kopelowitz’s algorithm (Kopelowitz, 1967) and we use the above results.

Let (N, M,C, T) be a highway problem, with |[N| > 3, otherwise the problem is straightfor-
ward. Kopelowitz’s algorithm starts with the following linear program,

max r (P1)

Using Assumption|2.1land by Lemma|2.5} the initial problem can be reduced to
max r (P2)
r+y(S) <c(S) YSeRC

yi>r VieN
y(N) = ¢(N).
By propositions 2.4 and 2.5/t is easy to check that the value for r in an optimal solution to

(P2)isry = A = min{a,B,7,0}. If r; = J, theny; = v; = 6 for each i € N by Corollary 2.2
Hence, the procedure finishes. Otherwise, we have two possibilities: r; = a or r; € {B, v}

(a) Letr; = a.
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In such situation we know that there exists a partition of N, {S1, S»}, such that

a+y(S1)
a+y(S2) = c(S2).

(9}
—~
95
—_
~—
<

Then, following Kopelowitz’s procedure, we reduce Problem (P2) as follows: a new linear
program is formed by adding to (P2) the above two constrains, i.e,

max r (P3)

r+y(S) <c(S) VSeRC\{Sy S}

yi>r VieN
y(51) =c(51) —a
y(52) =c(52) —a
y(N) = c(N)

Moreover, solving is equivalent to solve the following two disjoint problems.

max r (P4)
s. t.
T+ Zyi <min{c(S),c(SUSy) —¢(S2) +a} VSERCs. t.SC S
ieS
yi=>r Vie s
Y yi=c(5)—a
€Sy
and
max r (P5)
s. t.
r+ Y yi <min{c(S),c(SUS) —c(S1) +a} VSERCs.t.SCS,
ieS
Yi >r Vies)
Y yi=c(S) —a

i€Sy

Let check it. First, we will see how restrictions in Problem (P3) are obtained from re-
strictions in problems and (P5). Let R € RC\ {S1,52}. If R C Sp (resp. R C Sy),
then the restriction in Problem (P3) for R immediately follows from restriction in Problem
(P4) (resp. (P5)) for R. Let then R C RC\ {S1,S,2} be such that Ry = RNS; # @ and
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Ry = RN Sy # @. It is straightforward to prove that Ry, Ry € RC. Then,

r+y(R)

IN

IN

IN

2r +y(Ry) + y(Ry)
min {c(Ry),c(Rq1USy) —c(S2) + a} +min {c(Ry),c(RyUSy) —¢(S1) + o}

C(t) + Y C(t)+min Y C)e
(51) teT(R1)NT(S2)

LET(R)\T(S2) LET(R)\T

+ min Y C(t),a
tET(R2)NT(S1)

n
C(t) + Y C(t)+2«
teT(R)\T(S2) teT(R)\T(51)
¢(R)

where the first inequality follows from » > 0 and {S;, Sy} is a partition of N, and the

second one follows from restrictions in problems (P4) and (P5) for Ry and Ry, respectively.

Next, we will see how restrictions in problems (P4) and (P5) are obtained from restrictions

in Problem (P3). Several cases are distinguished.

(a.1) Let S € RCbesuch that S C Sy and ¢(S) < c(SUSy) —¢(Sy) + a. Then,

min {¢(S),c(SUSy) —c(S2) + a} = ¢(S).

Therefore, ¥ + Y ;cs yi < ¢(S), as in Problem (P3).

Analogously for S € RC such that S C Sy and ¢(S) < ¢(SUSy) —c(S1) + a.

(a.2) Let S € RC be such that S C S; and ¢(S) > ¢(SUSy) — ¢(Sz) + a. Notice that
T(S)NT(S2) # @. Moreover, by Problem (P3), we obtain that y(S;) = ¢(Sz) — a
and y; > r > 0 for each i € N. We also know that either ¢(SU S;) = ¢(N) or

c(SUS,) # c(N).

e Let ¢(SUSy) = ¢(N). Since {5y, Sy} is a partition of N, y(N) = y(S1) + y(S2)

and then, ¥(51) = c(SUS2) —y(S2) = ¢(SUSy) — ¢(S2) + a. Moreover y(S1) =
y(S)+y(S1\S) > y(S)+y; > y(S) +rforeachi € S;\ S because S1\ S # @.
Thus,

y(S)+7r<y(S1) =c(SUSy) —¢(S2) + & = min {¢(S),c(SUSy) —c(Sy) +a}.

e Letc(SUSy) # ¢(N). Then, there exists S’ € RC such thatS C S’ € §1,5'US; €

RCand ¢(S'US,) = ¢(SUS,). By Problem (P3), r + y(S'US;) < ¢(S'US;,). Since
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{81,852} is a partition of N, (S’ U Sy) = y(S") + y(S2). Then,

r+y(s) < c(S'US) —y(S)
= ¢(S'USy) —c(S) +a
= ¢c(SUSy) —c(S2) +a
min {c(5),c(SUSy) —c(S2) +a}.

If S’ = S, then we obtain the inequality in Problem (P4). Otherwise, S C S’ and
y(S) <y(S'). Therefore,

r+y(S) <r+y(S") <min{c(S),c(SUSy) —c(Sy) +a}

and we again obtain the inequality in Problem (P4).
Analogously, for S € RC such that S C Sy and ¢(S) > ¢(SUSy) —¢(S1) + a.

(b) Letry € {B, 7}.
By Corollary 2.2 and r; # J, we can calculate the nucleolus for a subgroup of players
Z CN.

(b.1) If 1 = Btheny; = v; = rq for every i € Z; where

1= U (51 N Sz).
{51,521 €A2(B)

(b.2) If 1 = v, theny; = v; = rq, for every i € Z, where

= U s

SeA(v)

Then, we can reduce Problem (P1) following Kopelowitz’s algorithm as follows. Take
Z = Z1UZ; as the set of players for which we have already obtained the value of the
nucleolus. The new problem is

max r (P6)

r+y(S) < giclr% (c(S'US)—rl|S']) VSCN\Z
Yy(N\Z) =¢(N) —n|Z].

Remark 2.4. Notice that there exists the options where r{ = « = B or r; = & = 7. In such cases
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it is not important which procedure ((a) or|(b)) we apply first, because we will obtain identical
results. 4

In both cases,|(a) and|(b), we have reduced Problem (P2). Next we check that these reductions
correspond to new highway problems.

In the case|(a), we reduce the original highway problem in two smaller highway problems
in the following way. Let b € T(S;) N T(Sz2) be such that }cr(s,)n1(s,):+<p C(f) < & and
Y teT(8,)NT(S):t<b C(t) = . The highway problem associated with Problem (P4) is (N1, M1, C1, T1)
where Ny = Sy, M; = {t € M|t < b}, C; : M — R4 is such that

o — Y. C(s) ift=0b,
Ci(t) = SET(S1)NT(Sy):s<b
C(t) otherwise,

and Ty : Ny — 2Mi is such that Ty (i) = {t € My | a; < t < min{b;, b} } for eachi € Nj.

Leta € T(S1) NT(Sz) besuch that ¥ e r(s,)n1(s,):t<a C(t) < aand Lier(s))nr(s,):t<a C(t) > a.
The highway problem associated with Problem (P5) is (N3, My, Cz, To) where Np = Sp, My =
{te M|t>a}, Cy: My — R, is such that

) C(s)—a ift=a,

Cz(t) = ¢ seT(51)NT(Sy):5<a
C(t) otherwise,

and T, : Ny — 2M2 js such that T» (i) = {t € My | max{a;,a} <t < b;} for eachi € N,.

Remark 2.5. Notice that, in above situations, Assumption[2.1 can be not fulfilled. Then, the new
problems are not highway problems. Nevertheless, this lack can be easily skipped by taking the
following change of variable in Problems (P4) (resp. (P5)): y; = y; — (c1(N1) — c1 (N1 \ {i}))
for each i € Np (resp. N,) where Assumption [2.1]is not fulfilled. Then, the associated highway
problems are the above problems without the sections that are used by only one agent. <

For the case|(b), a similar idea is applied: to reduce the sections in T(Z) in function of the
payments that are done by players in Z. First, we check that Z € RC. By Lemmal2.3, Z € D1 (v).
Using Lemma 2.5, Z € RC or |Z| = n — 1. But the latter one is not possible. Otherwise, there
exists i € N such that Z = N\ {i} and

r1 = e(N\{i},v) = c(N\ {i}) —v(N\{i}) = ¢(N) = (n = 1)ry.

Then, r; = C(fl\] ) — 4, which is not possible.

Let then, Z € RC. By Corollary v; = A for each i € Z. We need some notation for
defining the reduced highway problem. Recall that T(Z) = {t € M |azy <t <bz}. Let Z§ =
{i € Z°| a; < az} be the set of agents in Z¢ whose first segment is before the segments in T(Z).

Let Z¢ = {i € Z° | b; > bz} be the set of players in Z¢ whose last segment is after the segments
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in T(Z). Let us note that Z§ # @ or Z; # @ since Z # N. Moreover, T(Z;) NT(Z) # @ or
T(Z{)NT(Z) # @, by the same reason.

Agents in Z leave the problem paying the cost |Z]| - A > 0 of segments in T(Z). Then, the
remainder cost of segments in T(Z) is CN(Z) = ¢(Z) — |Z|]A = A > 0 and it has to be paid
by agents in Z¢. We will take the whole resource in T(Z) and we will divide it in a new set of
sections. For agents i € Zf, we define B; = Y ;c7(i)nr(z) C(t), and for agents j € Z; we define
aj = cMZ) - Yier(jnt(z) C(t). Notice that Zj N Z7 # @ can be possible. In such a case, it
is easy to check that B; > C*(Z) and a; < 0. Let VM(Z) = {B; |i€ Z5,0< B; < CMZ)} U
{aj]|jeZ,0<aj<CMZ)} U{CHZ)} and let v = [VA(Z)|. If an agent i € Z{ is such that
B; ¢ VM(Z), then agent i has no sections in T(Z) or the cost of the sections in T(i) N T(Z) is
greater or equal to C*(Z) (the same for agents in Z¢). Now, take the vector & € RY , of all values
in V}(Z) arranged in strict increasing order, i.e, ¢ = (&1,...,&) issuch that & < ... < & =
CMZ)and & € VM(Z) for each i € N. Finally, let NS* = {t},...,#}} be a set of new sections in
which we divide T(Z), whose costs are

CZC (t{\) = 61/
Cze(t)) = & — & foreachk € {2,...,v}.

The reduced highway problem associated with Problem (P6) is (Nzc, Mzc, Cze, Tzc) where
Nze = Z¢, Mze = (M\ T(Z)) UNS*, Cze : Mze — Ry is such that

() ift e M\ T(2),
C(t) =4 ¢ Ty
éck_gkfl ifl <k<wo.

and Ty : Nye — 2Mz¢ s such that, for each i € Z¢,

T(i) i T(H)NT(Z) =D,
j A g PEZL Bz CMZ) or
Ty (i) = (T()\ T(2)) UNS P SN

(T()\T(Z)) U {t{\,...,t?i} ifi e Z5, 0< B; < CM2),
(TONT(2)) U{t) - 10} ifi€ Zf, 0<a; <CHZ),

] . Biifi € Z;
with ¢; € {1,...,0} is such that ¢, = .
w;ifi € Zf
Notice that Remark 2.5/can be applied to this situation, but it is solved in a similar way.

Summarizing, from a highway problem (N, M, C,T) we obtain one or two reduced high-
way problems. Then, we again apply the procedure to each new problem until we obtain the
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nucleolus for all agents in N. The procedure to compute the nucleolus for highway games is
represented in Figure

Identify RC <«

v

Compute
A=/¢ A = min{a, B,7,6}

vi=8VieN A # J] > =u
END.

AFw 2 highway problems

vi=AYieZ

1 highway problem

Figure 2.3: Procedure for computing the nucleolus of a highway game.

Finally, we will see with a numerical example how the procedure works.

Example 2.2. Let (N, M,C, T) be the highway problem represented in Figure 2.4, with N =
{13,24,35,15}, M = {1, f2,t3,t4},C: M — R4 issuch that C(t;) = 8, C(f;) =4 and C(t3) =
C(ty) = 6,and T : N — 2Mis such that T(13) = {t,t2}, T(24) = {t2,t3}, T(35) = {t3,t4} and
T(15) = M. The cost TU game associated with this problem is

S |@ {13} {24} {35} {15} {13,24} {13,35} {13,15} {24,35} {24,15}
oS)lo 12 10 12 24 18 24 24 16 24

S | {3515} {13,24,35} {13,24,15} {13,35,15} {24,35,15} N
o(S)| 24 24 24 24 24 24

First, we identify relevant coalitions:
RC(N,c) = {{13},{24}, {35}, {13,24},{24,35} }.

Next, we seek for partitions and antipartition in conditions of Proposition 2.4/and we compute
A. In this example, there are neither partition in condition|(A) of Proposition[2.4/nor antipartition
in condition|(B) of Proposition 2.4] Then, we only have to compute y and 6. We have,

1({(13)) = 2, 1({24)) = 2, 7({35)) = 2, 1({13,24)) = 7 and 1({24,35)) = %
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Then,
9y = min {6,5,6, %6} =5 and A;(5) = {24}.

On the other hand, § = 24—4. Then,
A=min{y,0} =5 and Z= A4,(5) = {24}.

Therefore, vp4 = 5.

Now, we proceed to reduce (N, M, C, T). Agents in Z¢ has to pay the cost of T(Z) minus the
cost that was paid by agent 24, i.e,

C5({24}) = c({24}) — 104 =10 -5 =5.

The set of agents to the left of T(Z) is Zj = {13,15} and the set of agents to the right of T(Z) is
Z¢ = {35,15}. Then,

Bz = ) C(t) =4,
teT({13})NT({24})
Bis = Y C(t) =10,
teT({15})NT({24})
wzs = C°({24}) — Y Ct)y=5-6=—1,
teT({35})NT({24})
ns = C°({24}) — Y C(t) =5-10 = —5,
teT({15})NT({24})

and

Va({24}) = {;

i€750<pi< c5({24})} U {oc]- ‘ jEZE0<a; < c5({24})} U {c5({24})} = {4,5}.

The vector of elements in V°({24}) arranged in strict increasing order is ¢ = (4,5). Then,
the reduced highway problem is (Nzc, Mzc,Cze, Tze) such that Nze = {13,35,15}, Mz =
{t1,55,85,ta}, Cze : Mz — Ry is such that Cze(t;) = C(t1) = 8, Cze(5) = & = 4,
Czc(tg> = —& = land Cze(ty) = C(ty) = 6, and Tz : Nze — 2Mz¢ is such that

(t1;8)  (t2;4) (t3;6) (t4;6)

A Corufia @ ® Vigo
13
24
35

15

Figure 2.4: Linear highway of Example
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Tze(13) = {t, 85}, Tz(35) = {#],£3,t4} and Tzc(15) = Mzc. The problem is represented in
Figure@ and the cost TU game associated with this problem is

s |@ {13} {35} {15} {13,35} {13,15} {3515} Ny

cz(S)[0 12 11 19 19 19 19 19
(t;8)  (15;4) (351)  (t4;6)
A Corufia @ ® Vigo
13
———

I 35 ]

15

Figure 2.5: Second linear highway of Example 2.2.

Note that, the new problem is different from the original one. A sign of it is that agents 13
and 35, in the new problem, have sections in common, but in the original problem they did not
have them.

For this new problem we follow the same procedure as before for computing the nucleolus.
The set of relevant coalitions is

RC(Nze,cze) = {{13}, {35} }.

Then,
19

11
¥ = min {6, 2} =55, Ai(y) = {35} and 6 = 3
Then, A = 5.5, Z = {35} and v35 = 5.5.
The reduced problem that one can obtain from this problem is the following. From the pro-
cedure we obtain,

C55(Z) =55,

7, ={13,15} and Z, = @,

1313 =4and ﬁ15 =11,

V>3(Z) = {4,55) and ¢ = (4,5.5).

Then, the reduced highway problem is (Nzc, M, Ce, Tzc) such that N = {13,15}, Mz =

{tl,t?'S,tg'S}, CZC : MZE — ]R++ is such that sz(tl) = Czc(tl) =8, Czc(t?'S) = 61 =4

and Czc(tg'S) = ¢ —¢ =15 and Ty : Ny — 2Mz is such that Ty (13) = {t1,£5°} and

T5(15) = Me. The problem is represented in Figure 2.6 and the cost TU game associated with
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this problem is
s |o {13} {15} Nx
c(S)[0 12 135 135

(t;8) (554  (551.5)
A Corufa @ ®» Vigo
13

—_—
15

I y
L 1

Figure 2.6: Third linear highway of Example 2.2,

Notice that, (Nyc, Mc, Cye, Te

sumption 2.1 is not fulfilled. However, (Ny<, Mz, Coe,

) does not correspond to a highway problem because As-
Tc) corresponds to an airport problem
and we know that 113 = 6 and 115 = 7.5.

Therefore, the nucleolus for (N, ¢) is

v =(6,5,55,7.5).

If the latter problem would neither correspond to an airport problem, we could drop out all
the segments for which Assumption|2.1/is not fulfilled, taking into account that, for each one of
these segments, there exists only one agent who use it and this agent will pay the cost of such
segment. Thus, we would obtain a highway problem in our setting.

We can compare the nucleolus with the Shapley value and the compromise value. Following
the formulas given in Section[2.3] the Shapley value is

16 10 _ 31
@(N,C) = <3/ ?/5/ 3> ’

and the compromise value is

(N, (144 120 144 258
7 \297297 29729 )
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3.1 Introduction

In a flow shop problem a group of jobs has to be processed through a fixed number of machines
and the order of the machines in which the jobs have to be processed is the same for all jobs. To
each job a cost is associated dependent on its completion time. In this chapter we will consider
proportionate flow shop problems. A proportionate flow shop problem is a flow shop problem
in which additionally every job has the same processing time on each machine (e.g. a wooden
door needs several layers of paint, each with a different product, but the painting time is always
the same). Proportionate flow shop problems have gained considerable attention lately and vari-
ous papers have been devoted to this topic. In Shakhlevich et al. (1998) an algorithm is provided
to obtain an optimal schedule for this kind of problems. Shiau and Huang (2004) generalize
this type of problems by considering multiple identical machines at any stage. In Allahverdi
(1996) and Allahverdi and Savsar (2001) proportionate flow shop problems with breakdowns
and setup times are studied, respectively. Cheng and Shakhlevich (1999) propose algorithms for
proportionate flow shop problems where the processing times can be controlled by incurring

extra costs.

By associating jobs to clients, a proportionate flow shop problem gives rise to an interactive
decision making problem. Each client incurs costs, which we assume to depend linearly on the
completion time of its job. By assuming an initial order on the jobs, the first problem the clients
jointly face is an optimization problem: the problem of finding an optimal reordering of all jobs,
i.e., a schedule that maximizes joint cost savings. The subsequent problem is of a game theoretic
nature: how to reallocate these cost savings in a fair way. By defining the value of a coalition
of clients as the maximal attainable costs savings by means of an optimal admissible reordering,
we obtain a cooperative proportionate flow shop game (a PFS game) related to the proportionate
flow shop problem. The core of this game provides insight in the allocation problem at hand
since core elements lead to a stable reallocation of the joint cost savings. A game is said to be
balanced if it has a non-empty core.

The above game-theoretic approach to sequencing situations has been initiated by Curiel
et al. (1989) for the class of one-machine sequencing situations. Generalizations to e.g. ready
times, due dates, multiple ownership and more machines have been studied in Hamers et al.
(1995); Borm et al. (2002); (Calleja et al.| (2006); Estévez-Fernandez et al. (2004); Hamers et al.
(1999); Calleja et al. (2002). A recent review on sequencing games can be found in Curiel et al.
(2002). Finally, within the context of flow shop problems, van den Nouweland et al. (1990) and

van den Nouweland (1993) have studied the specific case of a dominant machine.

This chapter analyzes proportionate flow shop problems and related PFS games. It is shown
that PFS games are balanced. Moreover, PFS games turn out to be convex if the initial order is the
urgency order, in which case the Shapley value is in the core of the game. We provide an explicit
expression for the Shapley value. Under this assumption, we also provide a context-specific
allocation rule (the y-rule) in the same spirit as the equal gain splitting (EGS) rule introduced in
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Curiel et al. (1989). This allocation rule follows the algorithm in Shakhlevich et al. (1998). In this
way, the optimization problem of determining the optimal order of the grand coalition and the

allocation problem of how to share joint savings can be solved in an integrated way.

The remainder of the chapter is organized as follows. Section|3.2 provides the basic defin-
itions and terminology of proportionate flow shop problems. Moreover, two useful results in
Shakhlevich et al. (1998) are recalled. Section (3.3|deals with cooperation within proportionate
flow shop problems. The v-rule is introduced as a specific allocation rule of the maximal joint
cost savings. In Section [3.4 PFS games are defined. It is shown that these games are convex
provided that the initial order is an urgency order and an expression of the Shapley value is
provided. Moreover, it is seen that in this case also the y-rule will provide a core element.

3.2 Proportionate flow shop problems

A flow shop situation consists of a fixed sequence of m machines, and a finite set of jobs N that
have to be processed on all machines. A proportionate flow shop (PFS) situation is a flow shop
situation where the processing time of every job is the same on each machine. Hence, a PFS
situation can be described by a 3-tuple (M, N, p) with M = {My, ..., M,,} the set of machines,
N = {1,...,n} the set of jobs, and p € R’} | the vector of processing times of the jobs.

A schedule fixes for every job i and every machine r a time interval of length p; in which
job i will be processed in such a way that neither a job is processed on two different machines
at the same time, nor a machine processes two different jobs at the same time. Given a PFS
situation (M, N, p) we denote a schedule of the jobs in the machines as ¢ = (¢!,...,¢™) with
"N — {1,...,|N|} abijection describing the processing order in machine M,. We will denote
by ITI(N, M) the set of all schedules of the jobs in the machines. Given ¢ € II(N,M), i € N,
and M, € M, we denote by P(c",i) the set of predecessors of job i in machine M,, i.e., P(¢",i) =
{j € N|o"(j) < ¢"(i)}. Further, we define P(¢",i) := P(c¢”,i) U {i}. We denote by p(¢”,i) the
immediate predecessor of job i in machine M, i.e., p(¢”,i) € N such that P(¢",p(¢”,i)) = P(¢",i).
Note that in principle the order in machines need not be the same. A schedule ¢ = (¢!,...,c™)
with ¢! = ... = 0™ is called a permutation schedule or order. With minor abuse of notation, ¢
will then denote the order in each machine. We will denote by IT(N) the set of all permutations

schedules of the jobs.

Assuming that processing starts at time 0 and that there are no unnecessary delays, the com-
pletion time of job i in machine M, with respect to an arbitrary schedule o, C{(r), can be recursively
determined by

CcC)y= ), vpj

je€P(oli)
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and forr=2,...,m,

Co(r) = Ci(r—1)+p; if P(0",i) =Q,
i\ = max{CZ(U,, i)(r), C/(r—1)}+p; otherwise.

It is assumed that each job i € N incurs costs, ¢;, which are linear with respect to the time in
which the job leaves the system according to the schedule o. Hence, there exist positive numbers
wj, i € N, such that c;(¢) = a;C{(m). From now on we will denote the overall completion time
C¢(m) by CY.

Given a PFS situation (M, N, p) and a linear cost associated to each job, which will be rep-
resented by a € R", the associated PFS problem, (M, N, p, «) has as objective to find a schedule
that minimizes the total cost originated in the system, i.e., find ¢ such that

en(0) = i en(o
N(0) e (o)
with cn(0) = Yienci(0) = Lien ¢;C/. Note that IT(N, M) is finite and therefore there exists at
least one optimal solution.
Next, we will recall three lemmas from/Shakhlevich et al. (1998) that will be used throughout
the chapter.

Lemma 3.1 (Shakhlevich et al. (1998)). Let (M, N, p, «) be a PFS problem. Then,
(i) Every optimal schedule is a permutation schedule.

(it) For a permutation schedule o and i € N, the completion time C{ is given by

Cf = Z pi+ (m—1) max {pj}.
jeb(c,i) jeP(ei)

Since every optimal schedule is a permutation schedule, we will restrict our study to permu-
tation schedules from now on.

Example 3.1. Let (M, N, p,«a) be a PFS problem with machines M = {M;j, M}, jobs N =
{1,2,3,4}, vector of processing times p = (4,5,6,1), and vector of cost coefficients « = (32.5,32,
32,5). Let o = (123 4) be a permutation schedule. This situation is represented in Figure(3.1.

Figure 3.1: Gantt Chart of the PFS situation in Example[3.1
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Here, C{ = 8, C§ = 14, C§ = 21 and C{ = 22. We illustrate how to calculate C§ below.

Cs =p1+p2+ps+ (m—1)max{py, p2, ps}
=4+5+6+ (2—1)max{4,5,6} =21.

Hence, the total weighted completion time according to ¢ is cy(0) = 1490. &

Since the processing time of a job is the same in all machines, we can define an urgency (index)
ofjobi € Nasu; = % The next lemma states that if a job has higher urgency than another with
larger processing time, then the one with higher urgency will be processed first in an optimal
order.

Lemma 3.2 (Shakhlevich et al., 1998). Let (M, N, p, «) be a PFS problem and o an optimal order. If
i,j € N are such that u; > ujand p; < pjor u; > u;jand p; < p;, then o (i) < o (j).

Let (M, N, p,a) be a PFS problem and let o € II(N). We say thatjob i € N is a new-max job
according to o if p; > maxjep(mi){p]-}. Let af,...,a be the new-max jobs according to ¢, with
o(af) < ... < o(al). Then, N can be partitioned into s so-called segments A{,..., A7 in the
following way

pram { P(o, a‘;rl) \ P(c,a9) ?f 1<r<s,
N\ P(c,a?) ifr=s.

Note that, since o(a]) = 1, P(c,a]) = @. The above partition into segments is denoted by
Seg (o).

The lemma below states that in any optimal order the jobs in a segment are processed in
decreasing urgency order.

Lemma 3.3 (Shakhlevich et al., 1998). Let (M, N, p,«) be a PFS problem and o an optimal order. Let
A{ be a segment corresponding to o and i,j € Af. If o(i) < o(j), then u; > u;.

3.3 Cooperation in proportionate flow shops

In this section we will recall the algorithm to find an optimal schedule for PFS problems given
in Shakhlevich et al. (1998) and propose an allocation rule to share the costs savings obtained by
reordering the jobs into an optimal order if the initial order is in decreasing urgency order.

We first describe the algorithm in Shakhlevich et al. (1998). Let (M, N, p, «) be a PFS problem.
We define the urgency order, 0, as the order in which the jobs are ordered in decreasing urgency.
Since the starting point of the algorithm is 0, we can assume without loss of generality that
0y = (1 ... n). To find the optimal order we will generate orders 61, ..., 0, where 07 := 0, and
0y is optimal. Note that associated to the order 0;_; we have the segments A‘;TH, e, A‘;Ti’l which

give a partition of N. Now, we explain how to obtain &; from ¢; 1. Lets; € {1,...,s} be such
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that AN {1,...,i =1} # @and AT, N {1,...,i — 1} = @. We define A(i,1),..., A(i,5) as

A(i,1) = AZ 0 {1,..,i—1}and Ai,r) = AL,

Here, we have numbered the segments from right to left (instead from left to right) for conve-

forr=2,...,s;.

nience of the description of the rule that we will give later on. Subsequently, 5; is obtained from
0;—1 by placing i in first position or in between two consecutive segments or remain in its initial
position. The decision will be taken in such a way that cy/(0;) is minimal and maxicp(s, ) {Pr} is
maximal.

Now we turn to interactive proportionate flow shop situations and assume that each job
belongs to a player. We define the y-rule which allocates the gains ) ;cn(cn(6i—1) — cn(67))-
Here, we will decompose the gain cn(6;_1) — cn(0;) into “positive jumps” and the associated
“positive gains” will be shared among the jobs involved. For this, we will need some additional
notation. We define

]} - {P]}) 3.1

SA(in)i Y. (wipj —ajpi) + ai(m )(jeA?i‘,?fé{i}{” eamax

jeAr)
forr=1,...,s;, with A(i,s; + 1) := @.
Hence, g,(; )i represents the cost savings obtained when job i goes from the tale of A(i,r)
to its front. Note that g,(;,); can be negative. Define N(i,1) := A(i, 1), gn(i1) = 8a(i1)ir and
hniny = (gnGi1))+- Forr = 2,...,s; we define recursively

N(l r) L N(l,r—l) UA(Z,T’) ith(i,r—l) = 0,
) AGr) otherwise,

anip i= 4 SNGr=1) F8AGni if hy(ir-1) =0,
N(ir) SA(ir)i otherwise,

and
hn(ir) = (8N (i) +
Easily, c(6;—1) — c(0;) = X1 h (i) and therefore ;e Y h i) gives the total cost savings

gained by means of cooperatlon. The ~y-rule simply gives half of /iy ;) to i while the other half
is shared equally among the jobs in N(i,7) for eachi € N and 1 < r < s;. Formally, we define

v(M,N,p,a) =) Z ( ) lit 4 2|Z\]((""))|EN(i,r))

iENr=1

with eR € R" a vector of zeros and ones with elR =1ifi € Rand elR = 0 otherwise, for R C N.

The following example illustrates the computation of the y-rule.

Example 3.2. Let (M, N, p,«) be a PFS problem with machines M = {Mj, My, M3}, jobs N =
{1,2,3,4,5,6,7,8,9}, vector of processing times p = (20,30, 10,30, 10,30, 20,10,40) and vector
of cost coefficients « = (200,270, 80,210, 69, 180, 130,59,200). Hence, the urgency order is 0, =
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(123456789). Suppose that initially the jobs are processed according to the urgency order.
Then, ¢ (0y) = 224320. The situation is represented in Figure

0 50 100 150 200 250 t

Figure 3.2: Gantt Chart of the PFS situation in Example 3.2.

The allocation of the total cost savings after reordering the jobs in the optimal order is summa-
rized in Table[3.1.

1 2 3 4 5 6 7 1819
i=11 0 0 0 0 0 0 0 |0]0
i=21 0 0 0 0 0 0 0 |0]0
i=31600| 650 |6504600 | O 0 0 0]0]0
i=41 0 0 0 0 0 0 0 |0]0
i=5138 | 180 0 180 | 3604380 | 0 0]0]0
i=61 0 0 0 0 0 0 0 |0]0
i=7 0| 3P 0 20 0 20 1550 | 0|0
i=81 13| 13 0 13 0 13 | 13 |65 |0
i=91 0 0 0 0 0 0 0 |0]0

993 | 10263 1250 | 3763 740 1961 | 563 | 65 | 0

Table 3.1: Allocation of the cost savings in Example(3.2.

We explain below how the cost savings are shared when jobs 5 and 8 are reordered.

First, we will study the case in which job 5 is reordered. We leave it to the reader to
verify that the order obtained after reordering jobs 1, 2, 3 and 4 is 64 = (312456789)
and Seg(ds) = {{3},{1},{2,4,5,6,7,8},{9}}. Takei = 5 and as previous order ¢;. Hence,
A(5,1) ={2,4}, A(5,2) = {1}, and A(5,3) = {3}. Moreover,

gas1s = on(04) —on(T3)

N o ~ 1 1 1
= (DQC;T4 + D(4CZ4 + 0C5C504) - (DQCZTS + 0€4C25 + 0(5C;5)
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= 720,
withl = (315246789),
_ 1 2
8A(2)5 en(T5) —en(T5)
1 1 2 2
= (WmCP +as5C) — (mCp° +asCs0)
= 760,
with2 = (351246789),and
8A(G3)5 — on(T3) — CN(TS)
2 2 3 3
= (w3Cy +a5C5) — (a3Cy +a5C5”)
= —110,

with 3 = (531246789).
Hence, N(5,1) := A(5,1) = {2,4}, gn(s1) = 720, hysp) = 720, N(5,2) = {1}, gns2) = 760,
hn(s2) = 760, N(5,3) = {3}, gn(s3) = —110, hy(s3) = 0. In this step, the owner of job 5 gets
360 from hy(51) and the owners of jobs in N(5,1) share equally 360, i.e., 2 and 4 get 180 each.
Similarly, the owner of job 5 gets 380 from /iy 5,y and the owner of the job in N(5,2) gets 380,
ie., 1 gets 380.

Hence, an optimal order after reallocating 51is 05 = 72 = (3512467 89) and the cost
savings obtained after this reorder are hiy (s 1) + hin(s2) + in(s,3) = 1480.

Next, we will study the case in which job 8 is reordered. In this case, 67 = (3517246 89)
and Seg(d7) = {{3,5},{1,7},{2,4,6,8},{9}}. Take i = 8 and as previous order ¢7. Here,
A(8,1) ={2,4,6}, A(8,2) = {1,7}, and A(8,3) = {3,5}. Moreover,

. 1

8A@B18 = en(07) — en(Tg)
_ 07 07 07 07\ 3 5 3 4
= (G +a4C)7 +aCy” + agCq”) — (02C,F 4+ a4C,* + a6C® + agCs®)

= —110,

withtd = (351782469),

Sas2s = on(1g) —en(Tg)
1 1 1 2 2 2
= (0(1C;8 + DC7C;8 + OCSCgs) — (061CI8 + 0(7C;8 + D(gcgs)
= 240,

with 2 = (358172469).

Note that job 8 can not be reallocated in an earlier position since it would violate Lemma/3.2.
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Hence, N(8,1) := A(8,1) = {2,4,6}, gn(s1) = —110, hygiy = 0, N(8,2) = {1,2,4,6,7},
gN(s2) = —110 +240 = 130, hiy gy = 130, N(8,3) = {3,5}, gns3) < 0, ins3) = 0. In this step,
the owner of job 8 gets 65 from hy g ») and the owners of jobs in N(8,2) share equally 65, i.e., 1,
2,4,6 and 7 get 13 each.

Hence, an optimal order after reallocating 8 is 05 = 72 = (3581724 69) and the cost
savings obtained after this reorder are hiy(g 1) + fin s 2) + in(s3) = 130. &

3.4 Proportionate flow shop games

In this section we study proportionate flow shop games and show that they are balanced. More-
over, if the initial order is the urgency order, then they are convex and an explicit expression of
the Shapley value is provided based on the decomposition of the proportionate flow shop games
into unanimity games. Besides, it is shown that the 7-rule leads to a core element.

Before stating our main results we will recall some basic notions from cooperative game
theory.

A cooperative TU game in characteristic function form is an ordered pair (N, v) where N is
a finite set (the set of players) and v : 2V — R satisfies (@) = 0. The core of a cooperative TU
game (N, v) is defined by

Core(v) = {x eR"

Y xi=0(N),)_ x;i >0(S)forall S ZN} ,
ieEN i€S
i.e., the core is the set of efficient allocations of v(N) such that there is no coalition with an
incentive to split off. A game is said to be balanced (see Bondareva, 1963; Shapley, 1967) if the
core is nonempty.

An important subclass of balanced games is the class of convex games (cf. Shapley,1971). A
game (N, v) is said to be convex if

v(S)+o(T) <o(SUT)+0v(SNT) (3.2)

forall S, T C N.
Let (N,v) be a game and let 7w : {1,...,|N|} — N be a bijection. The marginal vector m™(v),
is defined by

mg(k)(v) =o({n(1),...,t(k)}) —o({m(1),..., t(k—1)})

forallk € {1,...,|N|}. Itis known that convexity of a game is equivalent to every marginal vec-
tor being a core element (see |Shapley! (1953) and Ichiishi (1981)). The Shapley value of a game
(N, v) is defined as the average of its marginal vectors.

Next, we start the game theoretical study of proportionate flow shops. Let (M, N, p, «)
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be a PFS problem and let 0y € TI(N) be an initial order on the jobs. We assume without loss of
generality that oy = (1 ... n). By associating jobs with players (or clients) the associated PFS
game (N, v) is defined by

u(S) == g?fé){cN(UO) —cn(0)} 3.3)

for every S C N, where A(S) is the set of admissible rearrangements for coalition S. An order
o € II(N) is said to be admissible for coalition S if P(0y, j) = P(c,j) forall j € N \ S. This implies
that in an admissible rearrangement the initial schedule for jobs outside S does not change, i.e.,
the starting time in each machine of each player outside S does not change with respect to the
initial order. Moreover, agents of S are only allowed to be reordered within maximally connected
components of S with regard to 0y. Here, a coalition R is called connected (with respect to oyp) if
foralli,j € Rand k € N such that op(i) < 0p(k) < op(j) it holds that k € R. Given a coalition
S C N, we denote by S/ 0y the set of all maximally connected components of S according to op.
Due to the definition of admissible rearrangements, we can write the value of coalition S C N as

v(S)= ), o(R). (3.4)

ReS/oy

It is readily seen that PFS games are op-component additive and therefore balanced (see Curiel
etal.,[1994).

Example 3.3. Let (M, N, p, «) be a PFS situation where N = {1,2,3}, M = {M;y, My, M3}, p =
(3,1,4) and « = (4,1,7). Let 0p = (1 2 3). The situation is represented in Figure 3.3.

Mo [ 1 2] 3]
Ma 1 2] [ 3 ]
Ms 1 2] [ 3

Figure 3.3: Gantt Chart of the PFS situation in Example 3.3.

The corresponding PFS game (N, v) is

s |o {13 {2} {3} {12} {13} {23} N
oS)[o o o 0o 3 0 1 3

We explain in detail how to calculate the value of coalition {1,2} below. The total cost with
the initial order is cy(0p) = 158. The set of admissible rearrangements for coalition {1,2} is
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A({1,2}) = {00, 01}, with 07 = (21 3), and the total cost for the order o7 is cy (1) = 155. Then,

v({1,2}) = max {cn(0p) —cn(0)} = max{0,3} = 3. o

{001}

Note that the initial order in Example [3.3]is not an urgency order. Moreover, the game is
balanced but not convex (take S = {1,2} and T = {2,3}).

From now on we will study PFS games with an urgency order as the initial order, i.e.,
oo=0,=(12...n).

We will give an expression for the value of a coalition based on the cost savings that each player
can obtain if a similar procedure as the method in Section 3.3 is followed. Due to equation
(3.4) we will restrict our study to connected coalitions. Let S C N be a connected coalition,
S={jj+1,...,k—1k}. To find the optimal order for S we will generate orders o9, .. .,ﬁ,f

i’
in the following way: (Afjs := 0y and 07 is obtained from 07, as follows. If for every r it

S
follows that A, ' N {j,...,i—1} does not contain any new-max job according to 67 |, theni and
j belong to the same segment and j is not a new-max job. In this case, 67 = 0, by Lemma3.3. If

55
o; . . . . . A .
A, 'n{j,...,i— 1} contains a new-max job according to UiS—l for some r, then we define

r; = min {r

b3
AN {j,...,i— 1} contains a new-max job according to 7 } ,

t; = max {r

AN {j,...,i — 1} contains a new-max job according to 67 } ,

si=ti—ri+1

Analogously than in the method described in Section [3.3, we define AS(i,1),..., AS(i,s;) as
5S 55

AS(i,1) = AZ”l n{j,...,.i—1}, AS(i,r) = AZ_T,H forr =2,...,s;. Subsequently, @'is is obtained

by placing i in position j or in between two consecutive segments or remain in its initial position.

The decision will be taken in such a way that

cn(67) is minimal and max {p;} is maximal. (3.5)
keP(67,i)
Note that Lemma (3.2 and Lemma 3.3/are still applicable in S. Hence, job i may be placed in j-th
55 55
position only if A;T]."‘l n{j,....i—1} = A‘:f‘l, otherwise Lemma|(3.2/would be violated. Hence,
the value of coalition S can be written as
k

o(8) = Y (en(074) —en (7))

~
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with (Afjs_l := 0y,. We define G? := cn (07 ;) —cn(67) fori € S. Here, G? denotes the cost savings

obtained after reordering job i € S in S. Hence,

v(S) =Y GP.

i€S

Note that as a consequence of Lemma|[3.2 it follows that if j € P(cy, a), thenj € P(67,a) with
a a new-max job according to oy,.

Next, we provide some lemmas that will be used in the proofs of our main results. Their
proofs can be found in the appendix. The first lemma states that, in a PFS problem, the new-
max jobs according to the urgency order remain new-max jobs during the proposed process of
finding an optimal order for an arbitrary coalition S.

Lemma 3.4. Let (M, N, p,«) be a PFS problem and let 0, be the initial order. Let S C N. Then, every
new-max job according to oy, is also new-max job according to fris foreveryi € S.

Next, we provide a result on the “monotonicity” of new-max jobs and cost savings.

Lemma 3.5. Let (M, N, p,«) be a PFS problem and let o, be the initial order. Let S,T C N, with
S C T C N, be connected coalitions. Let S = {is, ..., js} withis < ... < js, and let a be the new-max
job according to oy, such that p, = maxgep(y, i) 1Pk }- Then, the following assertions hold.

(i) 0 (i) = 67 (i) for every i € S with p; > pa.

(ii) 07 (i) < 67 (i) for every i € S with p; < pa. Moreover, if 01 (i) < 67 (i), then 6 (i) < 0 (a).
(iii) Every new-max job according to 67 is also a new-max job according to o1
(iv) Gis < GI'. Moreover, if p; > pa, then Gis =Gl

The following lemma states that the cost savings achievable for a coalition by the reallocation
of job i are at most the total cost savings that job i can achieve for the grand coalition during its
reallocation.

Lemma 3.6. Let (M, N, p, «) be a PFS problem and let o,, be the initial order. Let S C N be a connected
coalition. Then,

Gf = Z hN(i,r)
r:N(i,r)CS

foralli € S.

Next, we will show that the y-rule leads to a core element of the associated PFS game.

Theorem 3.1. Let (M, N, p, «) be a PFS problem and let 0, be the initial order. Then, the <y-rule provides
a core element of the associated PFS game.
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Proof. Efficiency holds by definition. Let S C N be a connected coalition, then

_ NG ol I i) N(i,r)
Zunnre) = @) Y (2 2|N<z'r>|e >

i€eS 1€Nr 1
= *ZZthW
IGST iENr= 1
> *ZZhN”)—F
ieSr= ieSr= 1
hN(ir) :
> 1 Lesyt A
S L Lo + ET;N%QS\NW
= ZZhNor *Z Y. I
zESr ZESr:N(i,r)QS
> Y. X ey
i€Sr:N(i,r)CS
= Y G’ =0(5)
i€S

where (e%)! is the transposed matrix of e°. The first, second, and third inequalities follow be-

cause /iy (;,) > 0 and the last equality is a consequence of Lemma|3.6. O

The next result gives the decomposition into unanimity games of a PFS game. We denote by
{a1,...,as}, with ay < ... < a,, the set of new-max jobs according to ¢,,. For i € N we denote
by (i) either the index of the new-max job which precedes i if i is not a new-max job according
to oy, or the index of i if i is a new-max job according to oy (ie., i = 4,;)). Consequently,

Pa,;y = MaXkep(q,,i) {Pr}-

Theorem 3.2. Let (M, N, p,a) be a PFS problem and let o, be the initial order. Let (N,v) be the
associated PES game. Then,

r(k)

Z)(T) _ 2 Z (Glgar,u.,n} . G]iﬂr+1/-..,i’l}> ”{a,,...,k}(T)

keNr=1

for every T C N, where Gia’(k”l""’n} is defined as 0.

Proof. Let T C N be a connected coalition and set T = {i,...,j}. We will distinguish between
two cases.

Case 1: TN {ay,...,as} = @. Then, 0] (k) = k forallk € T by Lemma 3.3 and therefore G] = 0
for all k € T. Hence, v(T) = 0. Moreover, {ay,...,k} Z T for every new-max job a, and every
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k > ay. Hence, uy,, 1 (T)=0and

r(k)
Z Z (Géar,...,n} . G}iarﬂ,---,n}) ”{u,,...,k}(T) =0=1uo(T).

keNr=1

Case2: TNA{ay,...,as} = {ay,...,ap} witha, < ... < ay. Then, (ATkT(k) = k for all k < a, by
Lemma (3.3 and 6/ (k) = cATk{a”’”"n} (k) for all k > a, by the mechanism of the algorithm. Hence,
GkT =0foralli <k < a,and GkT = Gé””""’n} for all k > a,. Therefore, v(T) = y! Gi“’“""'”}.

k=ay
Moreover,

r(k) i rk)
Z Z (Giar,...,n} _ G}Eﬂrﬂ,...,n}) ”{a,,...,k}(T) _ Z Z (Géar,...,n} _ Géurﬂ,...,n}) ”{a,,...,k}(T)

keNr=1 k=a, r=0v

]2 [(G{av L} G;avﬂ,...,n})

+ (G{az+1 ) G};{avﬂ,...,n})
_I_
+ (G{ﬂ Lreeer } o Giﬂr(k),.‘.,n}>

{849}
e }

j
— % gl o),

k=ay
where the first equality follows because if k and r are such that
() ar < ay <k, then{ay,..., k} £ {i,...,j} = Tand “{ar,...,k}(T) =0,
(ii) k > jand a, <k, then {a,...,k} Z {i,...,j} = Tand ug, n(T)=0.

The second equality is satisfied because if k and r are such that a, < a, < Ar(ky, r < k < j, then
{ar,...,k} C{i,...,j} =Tand ”{a,,‘..,k}(T) =1.

Let T C N.If T is unconnected, then o(T) = Y1/, v(U) and

r(k) r(k)
Ly (G =l g, (M= 8 B Y (6" =6 g, (W)
keNr=1 UeT/opkeNr=1
since the unanimity games are defined for connected coalitions. O

As a direct consequence of Lemma [3.5|(iv) and Theorem [3.2) we have that PFS games are
convex.
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Corollary 3.1. PFS games are convex if the initial order is the urgency order.

Proof. By Theorem 3.2 and by Lemma|3.5/(iv)|we know that PFS games are decomposed in non-
negative linear combination of unanimity games. Hence, PFS games are convex. O

If the initial order is an urgency order, PFS games are convex and the Shapley value belongs
to the core. The next result provides a game independent expression of the Shapley value for
PFS games.

Theorem 3.3. Let (M, N, p,«) be a PFS problem and let 0y, be the initial order. Then, the Shapley value
of the associated PFS game (N, v) is given by

Gl _ i)

k
22 EE Y

=ir=1

foreveryi € N.

The Shapley value of PFS games can be interpreted as follows: player i € N needs
the players a ( ) ,i — 1 in order to obtain some cost savings, and the Shapley value shares

@t _ o)

the gain Gl- equally among all the players involved, ie., a,;),...,i. If a

new segment is added to the left of this group of jobs, i.e., if a P(i) =17 -1 Bp(i)s - - ,1— 1 cooperate

{a(iy—1it {ﬂ e B LIS T {ﬂ e}
i

with 7, extra gains, G; ' > 0 can be obtained
by Lemma|(3.5(iv). The Shapley Value shares equally these extra gains among all the players
involved, ie., a,;_1,...,4,(;,...,i. Step by step, additive-gains are shared equally among all
who are responsible.

In our model, the computation of all marginal vectors is very hard. However, there exists
a class of marginal vectors which are not so hard to compute and their interpretation is very
intuitive. Moreover, averaging over these marginal vectors, we obtain an allocation rule which
is in the core wherever the game is convex. We finish this section given an illustrative example
where we consider this specific class of marginal vectors. This class is componed by all marginal

vectors which only depend on the cost savings that are attainable by the grand coalition.

Example 3.4. Let (M, N, p,a) be a PFS situation where N = {1,...,7}, M = {My, My}, p =
(3,2,1,7,6,5,4) and &« = (30,18,8,49,36,25,16). Let oy = (1 ... 7), i.e., the initial order is the
urgency order. Hence, there are two new-max jobs according to the initial order: 1 and 4, and
two initial segments: {1,2,3} and {4,5,6,7}.

Let (N, v) be the associated PFS game. We will study some marginal vectors that depend
only on values GV. For this we will consider marginal vectors whose associated order verifies:

1,2, and 3 enter first,then 4,5, 6 and 7. (3.6)

In Table 3.2 and Table 3.3 we give the marginal vectors for segment {1,2,3} and segment
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{4,5,6,7}, respectively, satisfying (3.6). The last but one column gives the relative orders in
which these vectors are obtained. By (i j) we denote the set of permutations of i and j. The last

column gives the total number of orders satisfying (3.6) leading to the corresponding relative

order.
. number of
1 2 3 rzlri:,{le‘;e marginal
vectors
GN+GY+GY 0 0 (23)1 214!
GN+GY 0 GY 213 4!
GN GN+G) | o (13)2 214!
GN GN GY 123 41
314!
Table 3.2: Marginal vectors for segment {1,2,3} satisfying (3.6).
. number of
4 5 6 7 rzlregle\;e marginal
vectors
GY +GY +GY +GY 0 0 0| (567)4 313!
GY+GY+GY 0 0 GN | (56)47 312!
GY +GN 0 GN+GYN | 0 (57)46 31(21+1)
54 76
GY + Gl 0 GY GN | 5467 311
GY GN +GN+GN 0 0 | (467)5 313!
GY GN+GY 0 GN| (46)57 313!
4576
GY GN GN+GY | 0 4756 313
7456
GY GY GN GN | 4567 311
314!

Table 3.3: Marginal vectors for segment {4,5, 6,7} satisfying (3.6).
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If we average over these marginal vectors, player 1 will obtain:

1413! 21 +1)413! 21413! 1 1

314131 1 314131 T2 7 31413

Table[3.4/describes the outcome of the average for all players. <&

1| GN+icV+1GY | |4 G +1GN+iGN +1GY

1~N |, 1~N 1~N | 1~N |, 1~N

2 7Gy +3G3 5 7G5 +3Gg + 3G

1~N 1~N 1~N

3 3G;3 6 3Gg + 3Gy

1~N

7 167

Table 3.4: Average of the marginal vectors described in Tables (3.2 and

3.A Appendix

Proof of Lemma 3.4, Let a be a new-max job according to ¢, and let i € S. By definition,
Pa > maxjep(%a){pj}. We have to show that a is a new-max job according to ?TZ.S, ie, pg >
maxjep(&f,a){?f}'

Note that P(cy,a) C P(?Tl.s,a). Moreover, p; < p, forall j € P(fff,a) \ P(0y,a) by Lemma(3.2|

Hence,
> max4q max ifr max i = max if-
Pa {jeP(Uu,a){p]} jeP(ﬁf,u)\P(m,,a){p]}} jeP(?rf,a){p]} O
For the proof of Lemma/3.5, we need the following additional lemmas. The first lemma is an
immediate consequence of Lemma/3.2 and the definition of new-max job and therefore the proof
will be omitted. It states that a new-max job a according to ¢y, does not change its initial position
in ffﬂs , for all coalition S C N, a € S.

Lemma 3.7. Let (M, N, p,«) be a PFS problem and let o, be the initial order. Let S C N and leta € S
be a new-max job according to o,,. Then, 65 (a) = a.

The following result is a direct consequence of the algorithm. It says that the set of prede-
cessors of a certain job once reordered can only increase with the consecutive application of the
algorithm.

Lemma 3.8. Let (M, N, p, ) be a PFS problem and let oy, be the initial order. Let S C N and i,j € S
with j < i. Then, P(&].S, j) C P(67,)).

Next, we will show that if a job becomes new-max job during its reordering, then it will
remain new-max job during the successive application of the algorithm.
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Lemma 3.9. Let (M, N, p,«) be a PFS problem and let o, be the initial order. Let S C N and i,j € S
with j < i. Then, j is new-max job according to 01.5 if and only if j is new-max job according to ?7]5

Proof. If j is new-max job according to ¢y, then j is new-max job according to O'k forallk € Sby
Lemma 3.4 and the result follows. Hence, we may assume that j is not new-max job according
to oy,.

We will first show the only if part. Let j be a new-max job according to 7. Then,

pj > max {pk}> max {pr}
keP(67 ke P( )

where the first inequality follows since j is new-max job according to o7 and the second one by
Lemma /3.8 Hence, j is a new-max job according to (Afjs.

Next, we show the if part. Let j be a new-max job according to (?]S. By Lemma|(3.8/we have
that P( 3,7) C P(07,)). Hence, we can write P(67,]) = (@']-S,j) UP@6?,))\ P(&].S,j). Observe
that p; > px forall k € P( 07, j) since j is a new-max job according to 5’5 by assumption. Besides,
pj > px forall k € P(67 ]) \ P(c -,]) by Lemma 3.2. Hence, jis a new max job according to

o7 O

For the proof of Lemma 3.5 we need some additional notation. Let S C N, S = {is,...,js},
with i < ... < js,and i € S. We define B%(i,1),...,B%(i,s;) as BS(i,r) = AS(i,s; —r+1)
for every r € {1,...,s;}. We denote by a(i,S) the new-max job according to 7 ; such that i
is placed at the tail of the segment defined by a(i, S) after being reordered. Note that p,;s) =
MaX;c p (s {pk} Leti € Sand leta € S be a new-max job according to 97 ;. We denote by
r(i,a) the 1r1dex of the segment defined by a according to 67 |, ie., r(i,a) € {1,...,s;} such that
a € B%(i,r(i,a)). Moreover, we denote by 8Bs(ir)i the gains obtained when, startmg from & 5 > 1
we change i from the tail of segment B° (i, ) to the tail of segment B (i, — 1). Formally, it can
be written as

N 7+71 i G 3.7
8BS (i) jEBg(ji,r)(w] ajp;) + a;(m )(]63523§<U{1}{P} ]eBS(zrlu{}{p]}) (37)

@ ifig=1
) , where a* is the new-max job according
AL o ifig >1

withr € {1,...,s;} and B5(i,0) := {
r(i,a*)

to oy, such that pg+ = maxiep(e, ig) {Pr}-
Recall that {ay,...,a5}, with ay < ... < as, is the set of new-max jobs according to c;,. Let
S C N be a connected coalition, S = {ig, ..., js}, satisfying:

(i) Sn{ay,...,as} ={ay,...,a,}, witha, <...<a,and a, # ay;

(ii) there exists I € S verifying the following three conditions

Py < Pay4 (3.8)
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ay—1 # a(ly,S) 3.9)
a,—1 =a(l,S) forevery | € Swith! <y and p; < pa, ;- (3.10)

Consider the following partition of S

{{is,...,h =1 { )} {h+ 1, =1} {B}, o AL}, I+ 1, s} (3.11)

where p; > p,(, s) forevery j € {lx+1,..., k1 — 1} and every k € {1,...,m} (with [y —1:=
Js), and Iy satistying p;, < pa(, ,s), withlo := ay_1.

Lemma 3.10. The two following assertions hold

(i) for every k,k € {1,...,m} with k > k we have

Pr;

gBS(lE,V)IE S Pilk

gBS(lk,'f)lk
foreveryr € {r(lt,a(li_1,5)) +1,...,r(It,a(l, S)) } with r(I,a(ly, S)) := 0;

(ii) ffé(l;{) > 07 (Ig_,) for every k € {2,...,m}.

Proof. First, we prove the result for k = 2. Since Pj 2 Pagys) foreveryj e {1 +1,...,1 — 1} we
have &]5 (j) > ?T]-S (I1) by Lemmal3.2 and Lemma(3.3| Therefore,

‘Aflsz—l(j) > fflsrl(ll) foreveryje {l; +1,...,1b —1}.

Hence, the set of new-max jobs preceding (I3, S) according to ‘ATlSl _,and (Afli _ coincide. Conse-
quently,

T(lz,ﬂ(ll,S)) = 7’(11/ a(llrs))

and we will denote r(a(ly,S)) = r(l1,a(l4,S)). Moreover,
BS(l, ) = BS(Iy,r) forevery r € {1,...,r(a(l1,S)) — 1} (3.12)

and
B3(ly, r(a(h,S))) = B (I, a(l1,S)) U {l}. (3.13)
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We first show|(i). Forr € {1,...,r(a(}4,S)) — 1}

8B5(1p)l> = jEBSZ(lz,r)(«xzsz —ajpp) Fan(n -1 max  {p} - omax - {p)
- jEBSZ(%m(mz P — ajpi,) +a, (m — 1)(163552% {lz}{p} ~ s {lz}{l’j})
< ]'EB:;(;”)(MZP;' — ajpy,) + o, (m — 1)(jeré[}z?l)2(,r){pj} — jeBg?li);_l){Pj})
— ]‘eBSX(:lM’)(MZPj —ajpr,) + ag, (m — 1)(]6135{23%{11}{”} e }{P]}) (3.14)
< jEBS(ZM)(zll a,pj—aipn,) + %azl(m — 1)(1635533%{11}{17'} - jEBS(lfggf)u{ll}{pj})
Sl L p) e ma () mas )
= %ng(l”)ll

where the second equality follows by equation (3.12). For the first inequality note that

<
jeB?gl??:—l){ ]} eg;e(llx {P]}

Hence, if pj, > max;cps(;, ) {pj} > maxcps(, ,—1){p;}, then

- =0< A
TR WL Lt AL L L

if maxeps 1, {Pj} > P, = MaXjeps, ,—1){p;}, then

A < A e
JGBsaii(U{lz}{p i} feBS(lgE)f)u{zz}{p = ]‘eg}&(ll)z(,r){p] s jEBgr(llj)r(fl){p it

finally, if max;cps(, 1 {pj} > maxjcps(,,—1){pj} = p1,, then

max it — max i} = max max i}
j€BS (i, r)U{lz}{p i} jeBS(l2,r—1)U{lz}{p]} jeBS(lz,r){p]} j€BS (I {p]}

The third equality is a consequence of equation (3.12) together with the fact that /; does not

become new-max job since p;; < pa, ; < Pu(,,s) by definition of I;. The second inequality

“y

. «,
follows since I < I, then: u;, = > = uy, and therefore %0‘11 > ay,.
1

Py — P

Analogously, one can see that gps1, ,(a(1,,9)))1, < %gBS(lw(a(h,S)))ll' The only difference is
1
that the second equality becomes an inequality by equation (3.13) and the fact that aj,p;, —
a1, P, < 0 since up > up,.
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Next, we will show/|(ii). Note that by definition of 7(a(l;,S)) and assumption (3.5) we have

r(a(ly,$))
) s, < Oforevery7 e {1,...,r(a(l1,5))}. (3.15)
r=r

Then,

r(a(h,S)) )

plz r(ﬂ(ll,s)
r;? gBS(lz,r’)lz < ?11 ; gBS(ll,r)ll < 0 for everyf’ S {1,...,1’(&(11,5))},

where the first inequality holds by |(i)|and the second one by equation (3.15). Therefore, ‘ATZSZ (I) >
(?152 (I;) by assumption (3.5) and Lemma|3.3.

Now, let k > 2 and suppose that the result is true for Iy, ..., [;_;. Then,
o0 (L) <op () <...<67_1(L_y) (3.16)
L—1\"1 L—1\72 [—1\*k-1/" :

Since p; > pqq, ) for every k € {1,. ..,k—1}andeveryje {lt +1,..., 5141 — 1}, we have that
(AT].S (j) > ?7]5 (It) by Lemma[3.2]and Lemma|[3.3. Therefore, for every k € {1,...,k — 1} it follows

aﬁrl(]‘) > frfrl(lk) foreveryj e {lx+1,..., i1 — 1} (3.17)

Hence, for every k € {2,...,k — 1} we have that the set of new-max jobs in between a(l;_1,S)
and a(l, S) according to ffi and [Tli coincide. Therefore, for k € {1,..., k— 1} we have

r(lg,a(l, S)) = r(lx,a(lk, S)) (3.18)
then, we can denote r(a(l, S)) = r(It,a(ly, S)). Moreover, for every k € {1,...,k — 1} we have
BS(It,r) = B®(Iy, 1) (3.19)
forevery r € {r(a(lx_1,5)) +1,...,r(a(ly,S)) — 1} and,
B3(I 1(a(ly, S))) € B (I, r(a(ly, S)))

with
BS (I, r(a(l, S))) \ B (I, r(a(lt, S))) € {Ix, ..., lz_4}- (3.20)

In order to show /(i) take k € {1,...,k—1} and r € {r(a(lt_1,S)) +1,...,7(a(ly,S))}, then

one can see that
pi;

P,
by using the same kind of arguments as in equation (3.14).

gBS(l,;,r)l}; S gBS(lk,T’)lk
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Next, we will show/(ii). Note that by definition of r(a(l, S)), k € {1,...,k — 1}, and assump-

tion we have
r(a(l,S))

(IS
Y. 8es(ny <0 (3.21)
r=F

for every 7 € {r(a(lx_1,8)) +1,...,7(It,a(ly,S))}. Then, for every k* € {1,...,k—1} and
every 7 € {r(a(ly_1,5)) +1,...,r(a(lx=,S))} we have

r(a(lg_1,5)) k-1 r(a(l,S)) r(a(lx,S))
Z gBS(l}}/r)l]} = Z Z gBS(l];,T’)llz + Z gBS(l};,V)lfc
r=F k=k*4+1 r=r(a(l;_1,5))+1 r=r
Bl op, ) pi, 7@l )
S Z o gBS(lk,r)lk + Z gBS(lk*,r)lk*

k=k+1 Plic r=r(a(l_,,8))+1 Pie 1=

<0

where the first inequality holds by/(i) and the second one by equation (3.21). Therefore, (ATIS% (Ir) >
[Tlf} (Iz_;) by assumption and Lemma 3.3. m|
Proof of Lemma(3.5. Recall that oy = 0, = (1 ... n) and {ay,...,as} is the set of new-max jobs
according to oy, with a; < ... < a;. We distinguish three cases.

Case1: SN{ay,...,as} = @. Then, [71.5 = 0, for every i € S and assertions (i) and |(ii) are direct
consequence of the definition of 0, assertion (iii) follows by Lemma (3.4, and assertion (iv) fol-
lows since G > 0 = Gl.S by definition of G!.

Case2:SN{ay,...,as} = {ay,...,apyand TN{ay,..., a5} ={ay,..., 4y} witha, <...<a, <

... < ay. Then, we have &Z.S = @T = oy forevery i € Swithi < a, and 0'1.5 = &Z-T foreveryi € S

with i > a,,. Hence, assertions (i), (i), (iii), and |(iv) are immediate.

Case3: SN{ay,...,as} ={ay,..., a0y and TN {ay,...,as} = {ag,..., a5} withagz < a, < a, <
as. Let S = {is, ..., js} and partition S according to (3.11). Let i € S and let a be a new-max job
according to 07 ; (¢ ;). During the remaining of this proof we will denote by °(i,a) (rT (i, a))
the index of the segment defined by a according to 0'1.5_1 (@ }). Moreover, by s;(S) we denote the
number of segments before reordering player i in S.

Note that for every i € {is,...,a,} we have 61-5 = 0y and therefore assertions|(i), (i)} (iii); and
(iv) follow using the same kind of reasoning as in Case 1.

Subsequently, assume that the result holds for {is, ..., Iy — 1} forsome k € {1,...,m}. Then,
we have

BT (L, rT (I, a 1) +1) = B3 (It, 7) (3.22)

foreveryr € {1,...,5,(S)}\ {r*(l,a(11,S)), ..., r (I, a(lk-1,S)) }.
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Besides, BT (I, 7T (Iy,a,_1) + 1) C BS(li,r) for every r € {r°(I,a(11,S)),...,r° (I, a(lx_1))
with
B3 (I, 1) \ BT (I, t" (I, ay—1) +7) € {11, ..., lk_1} (3.23)

Note that it may be the case that a(ly,S) = a(ly,1,S) for some k € {1,...,k —2}. We define

recursively ki, withw € {1,...,t}, as
ki, =min{k € {k},_;+1,...,k—1}|a(lt,S) # a(lz_1,S)} (3.24)
where ki = 0. Note that &lifl(lk;,l) < &Ii—l(lki‘u) for every w € {2,...,t} by Lemma 3.10|(ii),
Then, by equation (3.22) it follows
BT (11T (lay—1)+1) . = 8BS (lr)l (3.25)

foreveryr € {1,...,5,(S)}\ {r(l,a(I1,S)), ..., (I, a(lk_1,S)) }-
Besides, one can see analogously as in equation (3.14) that

pi
8B (T (1) +1%(hall S)k < 3 8BSl 15Ul ), (3.26)
K
foreveryw € {1,...,t}.
By definition of s (Ig:,,S), w € {1,...,t}, and assumption (3.5) we know that

7 (s (L S))
ng (lké‘urr)lkz‘u S 0 (327)

r=F

for every 7 € {rs(lk;«u,a(lk%l,S)) +1,...,7°(lgs, a(l:, S)) }. Then,

’S(lkﬂ(lk;ws)) ¢ 7 (la(l: ,S)) Vs(lkﬂ(lk;;.}fs))
ZgBT(lkrrT(lkr”t4—l)+r)lk = 2 ZgBT(lk/VT(lkrﬂu—l)+f)lk + 2 EBT (lrT Iy —1)+1)li
r=r w=w+1 r=rS (I, a(l 71,5)) r=r

- S (lallys ,S)) D r(la(ls ,S)) (3.28)
k k
S Z ZgBS(lk* ,V)lkf + Zng(lk*, /7)lk*,
w=w+1 plk;‘y r=rS (I (I 1,S)Zj) w Plk;% =7 [

<0

forevery @ € {1,...,t} and every 7 € {r’(I, a(l: ,S))+1,..., r(Ik,a(lk:, S)) }. Here, the first
inequality holds by equation (3.26) and the second one by equation (3.27).

First, suppose that p; > pg,. Then, (Ti(lk) > [TZZ(au) by Lemma(3.2. Hence, cATlZ(lk) = ?fi(lk)
by equations (3.25) and (3.28), and by assumption (3.5).

Second, suppose that p;, < pg,. Then, it can be the case that for some # € {1,..., 7T (I, a,_1)}
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we have Z:T:(flk’a(lk/s)) 87 (,r);, > 0- Insuch a case [TIZ(lk) < [Tli(lk) and CTIZ(lk) < [le(au), other-
wise &i(lk) = 6i (Ix) by equation (3.25) and assumption (3.5).

Hence [(i)| and |(ii)| are satisfied. Assertion (iii) is an immediate consequence of Lemma
and the fact that /i is not a new-max job according [Tli since py, < Pa,_,,5) < Pa(y,,s)- Assertion
(iv) is a direct consequence of|(ii) together with equation (3.25).

Finally, suppose that the result is true for {ig,...,i — 1} with [ <i < I; ;1. Then, we have

BT(i,rT (I, ay_1) +7) = B5(i,r) (3.29)

and
8BT(i,pT (Igay—1)+7)i — 8AS(iyr)i (3.30)

foreveryr e {1,...,r(i,a(ly,S)) —1}.
Moreover, 67 (i) > 07 (a,) by Lemma[3.2. Hence, 67 (i) = 67 (i) by equation (3.30) and as-

sumption (3.5). Assertion (iii) follows by induction together with Lemma (3.9, and|(i). Assertion

(iv) is a direct consequence of|(i) together with equation (3.30). o
Proof of Lemma/3.6. Recall that oy = 0, = (1 ... n) and {ay,...,as} is the set of new-max jobs

according to oy, with a; < ... < a;. We will distinguish three cases.

Case 1: SN{ay,..., a5} = @. Then, 07 = 0, for every i € S and

G=0= Y |Inupn
r:N(i,r)CS

by definition of hy; ).

Case2: a7 € S. Then, we have @S = (ATI.N foreveryi € S and

GP=G'= Y hyni
r:N(i,r)CS

Case3:a; ¢ S, SN{ay,...,as} = {ay,...,ap} witha, < ... < a,. LetS = {is,...,js}
and consider the partition (3.11). Letk € {1,...,m} and leti € {lx+1,...,Ixy; —1}. By
Lemma/3.5/(i) and (iv)| we know that 6N (i) = 67 (i) and GN = G?. Hence,

i

GP=G'= Y hyuy
r:N(i,r)CS

where the second equality follows by 6N (i) = 67 (i) and the fact that hngy = 0 for every
r>r(i,a(i,S)).

Next, consider [ with k € {1,...,m}. If ?711;] (k) = &i (Ix) we are in the previous situation.
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Assume that &lf;’(lk) < ﬁi(lk). Then,

r(i,a(S,i))—1 r(i,a(S,i))—1

r(i,a(S,i))—1
Gl= L Saeni= X Saini= 2 Min= X hven
r=1 r=1 r=1 r:N(i,r)CS

where the first equality follows by definition of G? and r(i,a(S, 1)), the second one by equa-
tion (3.25) with T = N and the fact that BS(i,r) = As(i, s; —r + 1), the third equality is a
direct consequence of the definition of /1y ;) and the last one follows by equation (3.28) with
BS(i,r) = A%(i,s; — r + 1) and the definition of hN (i) O
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Introduction to cautious behavior

Now, we start with the Part[II of the dissertation. In this part we focus on the non cooperative
issue of the game theory. It is structured in two independent but related chapters.

The following two chapters deal with the cautious behavior of an agent facing to a decision
problem. In this context, maximin behavior is the most common representation of cautiousness.
Choosing between alternatives according to the maximin behavior consists of taking those al-
ternatives which guarantee the best possible result if the worst-case scenario occurs. There also
exist some refinements of this behavior like the prudent behavior introduced by Moulin (1981),
or the protective behavior introduced by Barbera and Dutta (1982). There exist several classes of
decision making situations where both notions coincide.

Chapter 4/is devoted to the study of the foundations of maximin behavior. Milnor (1954)
started this issue given a characterization of the order induced by the maximin criterion for finite
decision problems. Latter on, Vilkas (1963) and Tijs (1981) characterize the maximin behavior in
the context of zero-sum games. In this chapter we go further. We characterize the solution that
assigns to each decision problem its set of maximin actions, in the setting where the unique
restriction on the problems is that the decision maker’s utility function is bounded. This chapter
is based on Mosquera et al. (2005).

In Barbera and Jackson (1988), besides of maximin criterion, is also characterized the protec-
tive criterion. This notion, jointly with the prudent notion, were recently studied in the context
of finite games in strategic form by Fiestras-Janeiro et al. (1998). The aim of Chapter 5|is to
characterize the solution that assigns to each decision problem in an standard class its set of
protective actions. This chapter is based on Mosquera et al. (2006).
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4.1 Introduction

Choosing between alternatives according to the maximin criterion essentially involves associat-
ing with each alternative the worst possible consequence and then choosing the alternative(s)
for which this worst-case scenario offers the best possible result. Different ways of modeling
these actions, consequences (or states), and preferences/utilities over them yield an abundance

of applications of this decision principle and its sibling, minimax behavior, in the social sciences:

e GAME THEORY: The minimax theorem of von Neumann (cf. von Neumann, 1928) is one
of the corner stones of game theory. It establishes maximin behavior as an equilibrating
device that assigns to every mixed extension of a finite two person zero-sum (or purely

antagonistic) game a well-defined value.

e EXPERIMENTAL ECONOMICS: Sarin and Vahid (1999, 2001) show that maximin behavior is
the outcome of a natural and simple dynamic process of strategy adjustment and provides
a good prediction of human behavior in several experimental settings.

e STATISTICAL DECISION THEORY: Next to the Bayesian paradigm, the maximin approach is
standard in statistical decision theory (cf.|Blackwell and Girshick, 1954; Ferguson, 1967).

e SOCIAL CHOICE AND WELFARE: Rawlsian welfare aims for the maximization of the utility
of the least “happy” member of a society; see Moulin (1988) for a textbook treatment.

e OPERATIONS RESEARCH: Problems like the optimal location of warehouses often involve
the minimization of suitable distance functions. Among these distance functions, the
Chebychev/supremum norm is a common one, transforming the problem in one of the

minimax type (cf. Love et al., 1988).

o CONSTRAINED OPTIMIZATION: The Lagrangean dual of a constrained minimization prob-
lem is of the maximin type (cf. Bazaraa et al.,[1993, Ch. 6).

Given the ubiquity of the maximin principle, it is hardly surprising that also its fundaments
have been the subject of study. These studies tend to focus on one of two aspects: (a) charac-
terizing the order induced by the maximin criterion, like in the classical study Milnor (1954) and
in Barbera and Jackson (1988), or (b) characterizing the maximin value associated with zero-sum
games, like Vilkas (1963) and Tijs (1981), or, more recently, Norde and Voorneveld (2004ﬂ and
Carpente et al. (2005).

To our knowledge, the current chapter is the first to characterize a third aspect, namely the
solution that assigns to each decision problem its set of maximin actions. The purpose of our next
section is to formally define decision problems, list the properties used in our characterization,

I These authors take payoffs/utilities in the game as given. Hart et al. (1994) goes one step further by first deriving
utilities from a number of properties on players’ preferences and then making the step to evaluations using the value
function.
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and state the characterization theorem. The proof of our characterization is contained in the final
section.

4.2 A characterization of the set of maximin actions

A decision problem is a tuple (A, Q),u), where A is a nonempty set of actions, () is a nonempty
set of states, and u : A x (0 — R is a bounded function which represents the decision-maker’s
payoff/utility function. The set of all decision problems is denoted by D. A solution on D is a
correspondence ¢ that assigns to every (A, Q,u) € D aset ¢(A,Q,u) C A of actions. Our aim
is to characterize the solution M that assigns to every decision problem (A, ), u) € D its set of
maximin actions

M(A,Qu)=<a€c A
we a'eAwe)

inf u(a, w) = sup inf u(a’,w)}.

Since only the order of the payoffs matters, order-preserving transformations do not affect
the solution and the assumption that our payoffs are bounded entails no loss of generality:

M(A,Q,u) = M(A,Q,arctan u).

In our general setting, some properties of simpler, finite problems no longer hold: (all) maximin
actions can be strictly dominated (Example |4.1) and the set of maximin actions may be empty
(Example(4.2). Recall that an action 2 € A in a decision problem D = (A, Q,u) € D is strictly
dominated if there is an action a’ € A with u(a’,w) > u(a,w) forall w € Q.

Example 4.1. Consider a decision problem (A, (), u) with A = Q) = Z and u(a, w) = arctan(a —
w) forall (a,w) € Z x Z. Then inf ., u(a,w) = —m/2foralla € Z: every a € Z is maximin,
yet also strictly dominated, for instance by a + 1. &

Example 4.2. Consider a decision problem (A, ), u) with A = Q =N and u(a,w) =a/(a+1)
for all (a,w) € A x Q. Then inf _,u(a,w) = a/(a+ 1), a function which does not achieve a
maximum: M(A,Q,u) = @. O

We introduce some properties for a solution ¢ on D. They are standard and are mostly taken
from earlier publications, particularly Milnor (1954); Barbera and Jackson (1988). Anonymity
requires that the solution does not depend on the way actions and states are labeled.

Anonymity (ANO). Let (A, Q,u), (A’,QY,u’") € D. If there are bijections f : A — A’ and
¢:Q — () such that u(a,w) = u'(f(a),g(w)) for all (a,w) € A x Q, then p(A’, (Y, u') =
flp(A,Qu)).

Independence of irrelevant actions states that if the action set of a decision problem is re-

duced, but some elements in the solution of the large problem remain feasible, then the solution
of the small problem consists of the feasible elements in the solution of the original problem.
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Independence of irrelevant actions (IIA). Let (A, Q,u), (A’,Q,u’) € D be such that A C

A’ and uTAXQ =u.Ifp(A,Qu')NA#Q, then p(A",Q,u")NA = p(A Qu).

Inheritance of nonemptiness states that adding finitely many actions to a decision problem
with a nonempty solution yields a new decision problem whose solution is also nonempty.

Inheritance of nonemptiness (INH-NEM). Let (A, Q,u), (A’,Q,u’) € D be such that A C
A’ and uIAXQ =u.If (A Qu) #Dand A"\ Ais a finite set, then p(A’, O, 1) # Q.

In a decision problem (A, Q,u) € D, action a’ € A weakly dominates actiona € A if u(a’,w) >
u(a,w) for all w € Q, with strict inequality for some w € ). The weak-domination property
states that if an action weakly dominates an action in the solution of the problem, then also the

weakly dominating action belongs to the solution.

Weak domination WDOM). Let (A, Q,u) € Dand a*,a’ € A. If a* € ¢(A,Q,u) and 4’
weakly dominates a*, then a’ € ¢(A, Q, u).

The next property requires that duplicating states does not affect the solution.

Duplication of states (DOS). Let (A, Q,u), (A, Y, u') € D with Q C Q. If there is a
surjection ¢ : O — Q such that #/(a, ') = u(a,g(«w’)) for all (a,w’) € A x (Y, then
p(A, Y, ) = ¢(A Q,u).

Continuity states that if an action is always contained in the solution of a sequence of decision
problems in D with fixed action and state spaces and pointwise convergent utility functions,
then this action is also contained in the solution of the limiting problem.

Continuity (CONT). Let (A, Q,u) € D and let {(A,Q, uy) };cp be a sequence in D such
that limy o ux(a,w) = u(a,w) for all (a,w) € A x Q. If there is an a* € A with a* €
¢(A,Q,u) forallk € IN, then a* € ¢(A, Q, u).

Restricted nonemptiness states that, for a given decision problem, if there exists some max-
imin action, then there also exists some element of the solution. This is not a new property in the
literature, it is used in both cooperative games (cf. Voorneveld and van den Nouweland, 1998)
and noncooperative games (cf. Norde et al., 1996; Voorneveld et al.,[1999; Dufwenberg et al.,
2001). In our context, it is related with the possibility of nonemptiness of the set of maximin
actions.

Restricted Nonemptiness (--NEM). Let (A4, Q,u) € D. If M(A,Q,u) is nonempty, then
(A, Q,u) is also nonempty.

Convexity states that if two actions belong to the solution of a decision problem and an
action is added whose payoff is the (3, 1)-convex combination of the above actions’ payoffs,
then the new action belongs to the solution of the new problem. This is a standard risk neutrality
property already present in Milnor (1954): if two actions belong to the problem’s solution, the
decision-maker does not mind tossing a coin to decide between them.
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Convexity (CONV). Let (A, Q,u), (A’,Q,u") € D be such that A’ = AU {a’} for some

a ¢ Aand uTAXQ = u. If there are a*,d € ¢(A, Q), u) such that

1 1
u'(d,w) = Eu(a*,w) + Eu(ﬁ,w)

forallw € O, thena' € (A, Q).
Finally, if there is only one state, then the solution chooses the actions that maximize the
payoff.
One state rationality (OSR). Take (A, Q,u) € D with |Q)] = 1; then, writing Q = {w}:
¢(A,Q,u) = argmax,e 4 u(a, w).

The former properties characterize the solution M on D which assigns to each decision prob-
lem its set of maximin actions:

Theorem 4.1. The maximin solution M is the unique solution on D satisfying ANO, 1IA, INH-NEM,
WDOM, DOS, CONT, r-NEM, CONV, and OSR.

Its proof is given in the next section.

4.3 Proof of the characterization theorem

The purpose of this section is to prove our characterization theorem. The proof is based on a
series of lemmas.

The properties ANO and IIA of a solution guarantee that if an action has the same payoff
function as an element of the solution of the problem — up to relabeling of the states — then
also the former action is part of the solution. We only use a simple version:

Lemma 4.1. Let ¢ be a solution on D satisfying ANO and IIA, and let D = (A,Q,u) € D. If
a* € (D) and a’ € A is such that, for some wy,w; € Q,

(i) u(a’',wy) = u(a*,wy) and u(a’, wy) = u(a*, wy),
(it) u(a',w) = u(a*,w) forallw € Q\ {wy, wz},
then a’ € ¢(D).

Proof. Assume that u(a*,wy1) # u(a*,w;) (otherwise ANO concludes the result). The utility
functions for actions a* and a’ are represented in the table below, where O and x represent two
different values:

States

Actions

ar ) G G
) =~ ()
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Consider decision problems
Dy = ({a*’a/} /Q'u\{u*,u’}xﬂ)r D, = ({a*/a/} /Q/U)/

where the utility for a* and ais interchanged, i.e.

and v(b,w) := u(b,w) for all other (b,w) € {a*,a'} x (A\ {w1,wz}). By (i) and (i), D, is
isomorphic to Dj, either via switching the labels of 2* and a’ or via switching the labels of w;
and wy.

Note that D can be obtained from D; by adding actions and, moreover, a* € ¢(D) N {a*,a’}.
Therefore, by IIA:

¢(D1) = (D) {a*,d'}, @.1)

sothata® € ¢(Dy). Itis shown thatalsoa’ € ¢(D;). Consider the bijection f : {a*,a’} — {a*,a’}
with f(a*) = a/, f(a’) = a* and let g: Q — Q) be the identity function. Since, for all (4, w) €
{a*,a'} x Q, we have u(a,w) = v(f(a),g(w)), ANO implies that ¢(Dy) = f(¢(D;)), so a’ =
f(a*) € ¢(D;y). Next, consider the bijection § : O — Q with g(w1) = wa, §(w2) = w1, keeping
other states unchanged, and let f : {a*,a’} — {a*,a’} be the identity function. Since v(a,w) =
u(f(a),g(w)) for all (a,w) € {a*,a’} x Q, ANO implies that ¢(D1) = f(@(Dy)) = ¢(Dy).
Remember that a’ € ¢(D;), so a’ € ¢(Dy). This shows that {a*,a'} = ¢(D).

Finally, by (4.1), 2’ € ¢(D). O

With the INH-NEM property and Lemma 4.1 one can establish the following consequence.
If we add an action to a decision problem with the same utility as an action in the solution of
the original problem, except in two states where the utilities are interchanged, then both actions
belong to the solution of the new problem:

Lemma4.2. Let ¢ be a solution on D satisfying ANO, IIA, and INH-NEM, and let D = (A, Q,u) € D.
Take D' = (A’,Q,u') € D satisfying that A’ = AU {a'} for some a’ ¢ A and u"AXQ = u. Suppose
that there exist a* € p(A, Q) u) and wy, wy € Q such that

(i) u'(a',w1) =u'(a*, wy) and u'(a’,wo) = u'(a*, wy),
(i) u'(a',w) =u'(a*,w) forall w € Q\ {wy, ws}.
Then {a*,a'} C @(D’).

Proof. Note that D’ is well-defined. Suppose that a’ ¢ ¢(D’). Since ¢ satisfies INH-NEM,
A"\ A = {d'} is a finite set, and ¢(D) # @: ¢(D’) # @.So ¢(D')N A # @ and IIA implies
that ¢(D') N A = ¢(D). Therefore a* € ¢(D’). By Lemma 4.1} also a’ € ¢(D’), a contradiction.
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Hence, ' € ¢(D’) and using Lemma 4.1 again it follows that a* € ¢(D’). So {a*,a’} C ¢(D’).
O

Consider the following modification of weak dominance. In a decision problem (A, (), u) €
D, action a’ € A quasi-dominates action a € A if there exist wy, wp € Q) such that:

(i) u(d,w) > u(a,w)forallw € O\ {w;}, and
(i) u(a’,wz) > u(a,wr) > u(a',wr) > u(a, ws).

Intuitively, a’ quasi-dominates a if it is at least as good as a in all states except some wy, and the
loss from choosing 4’ in state w; is compensated for by a utility gain in another state w,.

The next Lemma shows that a solution satisfying ANO, IIA, INH-NEM, and WDOM, satisfies
the following property: if an action quasi-dominates an action in the solution, then the former

action also belongs to the solution.

Lemma 4.3. Let ¢ be a solution on D satisfying ANO, 1IA, INH-NEM, and WDOM, and let D =
(A,Q,u) € D.Ifa* € (D) and a’ € A quasi-dominates a*, then a’ € ¢(D).

Proof. Let wi,wy € Q) be as in the definition of quasi-dominance. Define the decision problem
D'=(Au{a},O,u') € Dwitha ¢ A, ”TAxQ =u,u' (0, w) = u(a*,w) forallw € O\ {wy, wy},
u'(a,w1) = u(a*,wy), and u'(x,wy) = u(a*,wy). By Lemma4.2: {a*,a} C ¢(D’). Now a
weakly dominates a unless u/(a',w) = u'(a, w) for all w € Q (in which case a’ € ¢(D’) by
ANO). So, by WDOM, &' € (D').

Hence, {a*,a,a'} C ¢(D’). Now ¢(D) = ¢(D') N Aby IIA, soa’ € ¢(D). O

If a solution satisfies ANO, IIA, INH-NEM, WDOM, DOS, and CONT, then whether or not
an action belongs to the solution of a decision problem depends exclusively on the infimum and
supremum of its payoffs.

Lemma 4.4. Let ¢ be a solution on D satisfying ANO, 1IA, INH-NEM, WDOM, DOS, and CONT,
and let D = (A, Q,u) € D. Ifa* € (D) and a’ € A'is such that

inf u(a’,w) = inf u(a*,w) =mand sup u(a’,w) = sup u(a*,w) = M,
we) we) we) we

then a’ € ¢(D).
Proof. If m = M, then a* and 4’ yield the same, constant payoff, regardless of w, so ANO

and a* € ¢(D) imply that a’ € ¢(D). So henceforth assume that m < M. This means that
Q has at least two elements. Let w; € Q. Define for each (¢,0) € R? the decision problem
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D.s = (AU{a, B}, ues5) witha, B ¢ A as follows. For all (7, w) € (AU {a,B}) x Q,

u(d,w)+é ifa=4d,

m-+e if (4, w) = (&, wy),

U s5(d,w) =< m ifi=pBand w # wy,
M if (4,w) = (B,wy) or (@ =waand w # wq),
u(d, w) otherwise.

The table below summarizes the definition of D, ;.

) States w0, we O\ {w}
Actions
a* u(a*,wy) u(a*, w)
a’ u(@,w))+6  u(d,w)+46
o m+ € M
B M m
all other a u(a,w) u(a,w)

Let D' = (A\{a'}, Q, uj(a\(a})xq) € D. Since a* € ¢(D) N (A\ {a'}), IIA implies that
@(D') = ¢(D)N (A\ {a'}) # @. Forall (g,6) € R%, D, is obtained from D’ by adding finitely
many actions, so INH-NEM implies that ¢(D, ) # @.

Step 1: Let {¢; } .. De a sequence of strictly positive real numbers with limy_,, £, = 0. We show
that a € ¢(Dg, o) for all k € IN. By CONT, we then have « € ¢(Dgp).

Let k € IN and suppose, to the contrary, that & & ¢ (D, o). Since ¢(Dg, o) # @, we have two

cases:

e B € ¢(Dy, ). This is not possible, because & quasi-dominates § and applying Lemma|4.3
one obtains that « € ¢(Dg, o).

o B & ¢(Dg ). Since ¢(Dg, o) # @ and &, B € ¢(Dg, o) thereisana € ¢(Dg, ) N A. By IIA:
(D¢, 0) NA = ¢@(D),soa* € ¢(Dgp).

- Ifu(a*,w1) < m+ ¢, then a weakly dominates a*: u(a*, w) < u(a,w) forallw € Q,
and there is an wy € Q such that u(a*, wy) < u(a, wyp), because otherwise u(a*, w) =
u(w, w) forall w € O, so that

m = inf u(a*,w) = inf u(a,w) = min{m+ ¢, M} > m,
we we

a contradiction. Using WDOM, it follows that a € ¢ (D¢, ).

- If u(a*,w1) > m+ g, then a quasi-dominates a*: u(a,w) > u(a*,w) for all w €
O\ {w1} and by definition of m = inf _nu(a*,w), there is an w, € O, different
from w; (since u(a*, wy) > m + ¢;) with u(a*,wy) < m + ;. This implies that M =
u(w, wp) > u(a*,wy) > m+ e > u(a*,wy). By Lemmal4.3, & € ¢(Dg, o).
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In both subcases, we established that a € ¢(D, o), in contradiction with our assumption.
Conclude that & € ¢(D, o).

Step 2: We show that 5 € ¢(Dyp).
Let wy € ), wy # w1, and consider the decision problems

Dy = ({06/,3},{wllwz},uO,O\{a,lg}X{wl,wZQ and D; = ({a/ﬁ}rﬂruo,o‘{a,ﬁ}xﬂ) .

D; can be obtained from Dy o by deleting actions. By step 1, ¢(Dg) N {a, f} # @. So IIA implies
that

®(Dop) N{a, B} = ¢(D2). (4.2)

Therefore, « € ¢(D;). By DOS, ¢(D;1) = ¢(D3), so a € ¢(D7). Now Lemmal4.1 implies that
B € ¢(Dq). Since ¢(D1) = ¢(D,), equation (4.2) gives that B € ¢(Dyp).
Step 3: Let {0y } oy be a sequence of strictly positive real numbers with limy_,, 5y = 0. We show
thata’ € ¢(Dy,) for all k € N. By CONT, we then have a’ € ¢(Dyy).

Consider the decision problem

D5 = (Ag, Q, u0,0‘Aaxg)

where A3 = (AU {a,B}) \ {a'} for some a, p ¢ A. By steps 1 and 2, ¢(Dgo) N Az # @, so I[IA
implies that ¢(Dg) N Az = ¢(D3). Hence, from step 2, B € ¢(D3).

Let 0 > 0 and suppose that a’ & ¢(Dy, ). Since ¢(Dy;,) # @ one obtains that ¢(Dg 4, ) N
A3 # @ and then ITA implies that B € ¢(Dy, ). So, reasoning as in step 1: if u(a’, wy) + 5 > M,
then a’ weakly dominates g and, by WDOM, a’ € ¢(D;, o); otherwise, a’ quasi-dominates g and
by Lemmal4.3: a’ € ¢(Dj, o). Inboth cases we reach a contradiction. Conclude thata’ € ¢(Ds, o).
Step 4: Finally, we show thata’ € ¢(D).
By step 3 a4’ € ¢(Dop) N A. Hence, IIA implies ¢(Dyo) N A = ¢(D),and so a’ € ¢(D). O

These results will help us prove Theorem 4.1

Proof of Thm. It is easy to verify that the solution M satisfies all the properties.

Let ¢ be a solution on D satisfying all the properties and let D = (A, Q,u) € D.If (D) = Q,
then by r-NEM: M(D) = @. So, assume that ¢(D) # Q.

Under the assumption that whether or not an action belongs to ¢ (D) depends exclusively on
the infimum of its payoffs, it is true that ¢(D) = M(D). Namely, consider the decision problem
D = (A,Q, ) where |Q] = 1and 7i(a, &) = inf . u(a,w)forall (a,&) € A x Q). We show that

¢(D) = ¢(D). (4.3)

Consider the decision problem D = (A, (), i) € D obtained from D by adding to the action
space a replica r(a) of every action a € A, i.e., A = {a,7(a)},c4 and with payoffs Uaxn = U
and i(r(a),w) = inf ,_yu(a,w) foralla € Aand w € Q.
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By the assumption: a € ¢(D) if and only if {a,7(a)} C ¢(D). Since ¢(D) # @, deletion of all
non-replica actions and IIA imply that

a € ¢(D) = r(a) € p(({r(a) }aea L lira)), 4 x0))- (4.4)
ANO and DOS imply that
r(a) € 9(({r(@)}oea, Q) x0)) & a € ¢(D). (4.5)

The equality (4.3) now follows from and (4.5).

Write Q) = {&}. By OSR we know that (D) = M(D) = argmax,c 4 ii(a,@). Finally, since
M satisfies all the properties we also have that M(D) = M(D). Therefore ¢(D) = M(D).

Now it remains to prove that whether or not an action belongs to ¢(D) depends exclusively
on the infimum of its payoffs.
Let a* € ¢(D) and let m = inf _Hu(a*,w) and M = sup,.qu(a*,w). If m = M, then
u(a*,w) =mforallw € Q. Leta € Abe such that inf _u(a,w) = m. If sup . u(a,w) =m,
then u(a, w) = u(a*,w) for all w € O and, by ANO, a € ¢(D); otherwise, a2 weakly dominates
a*, so, by WDOM, a € ¢(D). Therefore, if m = M, then whether or not an action belongs to
¢(D) depends exclusively on the infimum of its payoffs.

So henceforth assume that m < M. This implies in particular that () contains at least two
elements. Choose w1, wy € O, wy # wy.

Take D' = (A, (Y, u") € D where ) = {w1, wy, w3} with ws ¢ QO and, foralla € A:

sup u(a,w) ifw' =w;
we)
inf u(a,w) otherwise
we)

u'(a,) =

The table below summarizes the definition of D’.

States
. w1 w> w3
Actions
a* M m m
a supu(a,w)  inf u(a,w)  inf u(a,w)
we) we we

Similar to the proof of (4.3), using Lemma 4.4 instead of the assumption, it follows that
¢(D) = ¢(D").
Define the sequence of decision problems {Dy},cny = {(AU{a, B, 7}, Y, u) b Where
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B,y & A ukjaxey = u' and, for all (a,w) € {a,B,v} x OV,

m+ %(M—m) if (a,w) € {(a,w1), (B, w2)}

up(a, @) =4 4 %(M —m) i (a,w) € {(v,w1), (7,w2)}

m otherwise.

The table below summarizes the definition of Dy.

States w w w
Actions ! ? ’
a* M m m
1

o m+2k—_1(M7m) m m

1
B m m+2k—_1(Mfm) m

1 1
0% m+2—k(Mfm) m+2—k(Mfm) m

For all k € IN, Dy can be obtained from D’ by adding three actions. So, ¢(D’) # @ and
INH-NEM imply that ¢(Dy) # @. We show by induction that y € ¢(Dy) for all k € IN.

Step 1: ¥ € ¢(Dy).

D; can be obtained from D’ by adding actions &, 8, and 1y in two steps:

First, add « and B to obtain the decision problem D] = (AU {«a, B}, Y, u}) with v} =
U1|(AUfa,p})x(y- Lemma 4.4]implies that « € ¢(Dj) if and only if B € ¢(D}). Suppose
that o, p ¢ @(D7). INH-NEM and ¢(D’) # @ imply that ¢(D]) # @, so there is an
a € ¢(D]) N A. Then, by IIA, o(D}) N A = ¢(D'). Hence, a* € ¢(D}). Lemmal4.4/then
implies that &, B € ¢(D]), which is a contradiction. Thus , f € ¢(D}).

Second, add action v, whose utility is the (%, %)-Convex combination of the utility of the
actions w and B, and by CONV: v € ¢(D;).

Step 2: Let k € N and assume that v € ¢(Dy) foralln € N,n < k. We show that
7 € ¢(Djs1)-
The decision problem Dy 1 can be obtained from Dy in two steps:

First, delete actions o and f from Dy to obtain a new decision problem. By IIA and the
assumption that v € ¢(Dy), its solution contains -y. Next, introduce actions « and B again,
but now with their utility functions equal to those in the problem Dy, ;. Since « and 8 have
the same infimum and supremum, « belongs to the solution if and only if 8 belongs to the
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solution of this new problem. Suppose that « and  do not belong to the solution. By INH-
NEM and IIA, v belongs to the solution. But then Lemmal4.4 implies that « and B should
belong to the solution, which is a contradiction. Thus « and § belong to the solution.

Second, delete y from this new problem to obtain the decision problem D; , = (AU
{a, B}, Qg ) with gy = wiq)(aufapy) <o BY A &, B € @(D; ). Next, introduce
11

action <y again, but now with utility function equal to the (3, 5 )-convex combination of the
payoffs of actions « and $ in Dy ,, so the decision problem Dj_; is obtained. By CONV it
follows that v € @(Djy1).

Conclude, by induction, that v € ¢(Dy) for all k € IN.

Let Doo = (AU {a, B,7}, Y, s ) be the limiting decision problem of the sequence { Dy } o
Notice that g axqy = ' and (&, W) = Ueo(B, W) = Ueo(y,w) = m for all w € Q. Since
v € ¢(Dyg) for all k € IN, CONT implies that ¥ € ¢(De).

Take a € A such that inf 5 u'(a,w) = m. If sup . ' (a,w) = m, then ue(a,w) =
uw'(a,w) = m = ue(y,w) forall w € O, so that a € ¢(Ds) by ANO. Otherwise, a weakly
dominates ¢y and, by WDOM, a € ¢(Ds). Hence a € ¢(Do) N A, and using IIA it follows that
¢(Des) N A = ¢(D') = ¢(D).

Hence, a € ¢(D) foralla € A with inf . u(a,w) = inf _qu(a*,w) = m.
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5.1 Introduction

The maximin behavior is a well-known notion that has been studied in many fields of knowl-
edge. Choosing alternatives according to this behavior involves associating to each alternative
the worst possible consequence and then choosing alternative(s) for which this worst-case sce-
nario offers the best possible result. In this line, maximin behavior can be seen as a cautious
behavior. This decision principle was applied in several fields of knowledge as game theory,
experimental economics, statistical decision theory, ... See Mosquera et al. (2005) for a more
detailed revision.

There also are several studies about the foundations of this principle. Such studies focus
on: (a) characterizing the order induced by the maximin criterion, like in Milnor (1954) and in
Barbera and Jackson (1988), or (b) characterizing the maximin value associated with zero-sum
games, like in Norde and Voorneveld (2004) and (Carpente et al. (2005), or (c) characterizing the
solution that assigns to each decision problem its set of maximin actions, like in Mosquera et al.
(2005).

However, in many situations, the maximin behavior is not helpful in order to select not so
many alternatives, then we have to seek for other posible behaviors. We like this “cautious”
behavior and we want to keep it in a new possible behavior. Several refinements of maximin
behavior have been studied in the literature. Barbera and Dutta (1982) introduce the notion of
protective behavior in the context of social choice functions for social choice situations with a
finite number of alternatives. Moulin (1981) define another refinement of maximin notion, the

prudent behavior, closely related with protective behavior (in fact, they coincide in many classes).

Protective behavior means that the agent maximizes his worst possible result with respect to
all consequences and, in case of tie, he also searches for the minimality in terms of inclusion of
the sets of consequences which provides this worst result. This behavior was studied in other
different contexts from Barbera and Dutta’s context. For instance, Barbera and Jackson (1988)
provides an axiomatization of protective behavior as an order on the set of all finite-dimensional
vectors of real numbers. Also maximin and prudent behaviors are axiomatically characterized
in that paper. In the setting of finite games in strategic form, Dresher (1981) proposes to select
optimal strategies for each player based on a lexicographic application of the maximin criterion.
The idea underlying is that players consider the possibility that their opponents may make a
mistake choosing its strategy, but they do not know which mistake will be made. Then, each
of the players should follow a conservative plan of action. On the other hand, Fiestras-Janeiro
et al. (1998) study protective and prudent behavior in games in strategic form. They define the
notions of prudent and protective equilibria, they provide the equality of the notions in this
context, and they prove that, for matrix games, the set of protective equilibria equals the set of
proper equilibria (see Myerson, [1978). That paper was extended by Quant et al. (2004) to the
case of multicriteria games. The two-person competitive environments are defined as bimatrix

games with the features of matrix games. Borm et al. (2005) show relations among protective
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behavior and proper and perfect equilibria (seeSelten, 1975) for competitive environments.

Given the importance that protective behavior has obtained in the last years, we want to
study a bit deeper its foundations. Our goal is to characterize the solution that assigns to each
decision problem its set of protective actions, taking into account that we like the “cautiousness”.
The chapter is organized as follows. Section|5.2 provides the basic definitions of the model, the
existence of protective actions and the relation with prudent behavior. Axiomatizations of the
set of protective actions is given in Section 5.3} taking into account that we seek for “cautious” so-
lutions. Finally, Section|5.4/concludes with the analysis of the logical independence of properties
of the different axiomatizations.

5.2 The model

A decision problem is a tuple (A, ), u), where A is a nonempty, convex, compact set of actions, ()
is a nonempty, finite set of states, and u : A x 3 — R is a continuous, concave in A function
which represents the decision-maker’s payoff/utility function. The set of all decision problems
in these conditions is denoted by D.

Let (A,Q,u) € D. Leta € A. Recursively, we define a"(a) € R and )" (a) C Q by

(i) forr =1,

o' (a) = minu(a, w)
we

0la) = {w €N ‘ u(a,w) = wl(ﬂ)}f

(ii) forr >1

o' (a) = min u(a, w)
weM\ULZ] OF(a)

O (a) = {a) € Q\rol OF(a)

k=1

u(a,w) = txr(a)} .

Leta,a’ € A, a protectively dominates a’, a -y, @', if there exists an £ € IN, such that
(i) a"(a) = a’(a’) and O (a) = Q' (a’) for each r € N such that r < ¢, and
(ii) af(a) > a’(a’) or both a(a) = a’(a’) and Qf(a) C QO ().

We say that a € A is protective if it is not protectively dominated.

A solution on D is a correspondence ¢ that assigns to every decision problem (A, Q,u) € D
a subset ¢(A, ), u) C A of actions. Our aim is to characterize the solution PRO that assigns to
each decision problem (A, Q), u) € D its set of protective actions,

PRO(A,Q,u) = {a € A|ais protective} .
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Lemma 5.1. Let D = (A,Q,u) € D. Let @ € A be a protective action and a € A. Then, either d and a
are payoff equivalent or @ = pyo 4.

Proof. Assume that 7 and 7 are not payoff equivalent and @ . a. Since @ € PRO(D), a # pro ,
i.e., there exists £ € IN such that:

(i) a"(a) = a"(d@) and O (a) = OV (a) foreachr € N, r < ¢,

(i) a'(7) = a’(a), Q' (2) \ Q'(7) # @ and O(2) \ O () # .

Let0 <A <landletd = Ad+ (1—A)a € A. We will prove that @ >, 4.

First of all, we will prove that a"(2) = a' (&) and Q" (4) = ' (a) for all » < ¢ by induction on
r. Letr = 1. By concavity of u in A and by|(i) it follows that a'(2) > a'(a). If &' (4) > a!(d), then
@ > pro @ which is a contradiction with 2 € PRO(D). Then, a'(4) = a!(a). If there exists some
@ € QY a)\ Ql(a), then:

al(a) = u(a, @) > Au(a, @) + (1—AN)u(a,@) > a'(a).

This is a contradiction with & € PRO(D), so that Q!(2) € Q'(a) and a'(4) = a'(a). In case
that Q!(a) C Q!(a), then @ >, @ which is again a contradiction with 7 € PRO(D). Hence
Ql(a) = Ol(a). Following the same reasoning for each r < / it is obtained that &’ (4) = a’(#)
and Q' (a) = Q' (a).
Now, we will prove that af(2) > a’(a) or both a’(4) = a(a) and Q(2) c Qf(a). Discern
two cases:
@) Qfa)nQf@a) = 2.
Letw € Q\ U210 (3) = Q\ UZ1r(a) = Q\ U210 a). If w € Q(a), then w ¢ Qf(a)
and u(d,w) > a’(d) = a*(a). Then, using concavity of u in A,

u(a,w) > Au(a,w) + (1 —ANu(a,w) > (@) = a’(a).

Similarly for the case when w € Qf(d).

Ifw ¢ O (a )UQZ( ), then u(d, w) > (&) and u(a,w) > a’(@). Then, using concavity of
uin A, u(a, w) > a‘(a).

We can conclude that u (4, w) > a‘(d) forallw € Q\ UZ 1Qk( ). Therefore, a’(2) > a’(d).

(b) Qf(a)NQta) .
As a consequence of (i), concavity of u in A and [(ii), it follows that af(2) > af(d). If
l

w e O\ (Uf;iﬂk( yu(Qf@nala ))), either u(d,w) > a’(d) or u(a,w) > a'(a), then
u(4,w) > «’(4). Therefore,

O (a) € O (a) N (a) c O(a)
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where the strict set inclusion follows from|(ii).
In both cases we obtain that 4 >, 4, which is a contradiction with 7 € PRO(D). O

As a consequence of Lemmal5.1} the set of protective actions equals the set of prudent actions
in the class D. We recall the definition of prudent actions. Let a,a’ € A, a prudently dominates a’,
a = pru a’, if there exists an ¢ € IN, such that

(i) a’(a) =a"(a’) and | (a)| = | (a')| for all r € IN such that r < ¢, and
(ii) a’(a) > a’(a’) or both a’(a) = a’(a’) and |Q(a)| < |Q(a")).

We say that a € A is prudent if it is not prudently dominated.

Note that the difference between prudent and protective concepts is that, even though both
concepts compare payoff levels, prudent only compares the cardinality of the sets of states of
nature where those payoff levels are achieved instead of the inclusion relation used by the pro-
tective concept.

Theorem 5.1. In a decision problem in D an action is protective if and only if it is prudent.

Proof. By definition, prudence implies protectiveness. Then, we only have to prove that if an
action is protective, then it is prudent. Let D € D and let @ € A be a protective action such
that it is not prudent. Then, there exists @ € A such that @ >, 4. Then, & and 4 are not payoff
equivalent and so, by Lemmal5.1, 4 = pro 4. Consequently, by definition, @ >, 2. However, this
is a contradiction. O

Next, we show that, for each decision problem in D, there always exist prudent an protective
actions.

Theorem 5.2. Each decision problem in D has at least one prudent action.

Proof. Let D € D. Define the sets

M = {ﬁ cAlal(a) = maxal(a)},
acA

pt = {ﬁ e M! |Ql(ﬁ)| = mian(a)|},

acM!
and foreachr > 1

M = {ﬁ e pr1 o’ () = max txr(a)},
acpr-1

Pr = {ﬁ eM | |O(a)] = min|Q’(a)|}.
aeM’

Note that M! is the set of cautious actions of D, then, by conditions on the model, Ml # @ and
P! # @. Moreover, for each ¢ € N and each paira,a’ € P!, &’ (a) = a’(a’) and |Q (a)| = |V (a')]
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for each 1 < r < /. Since () is a finite set, there exists £, € IN such that, for each a € ph,
Uf(]:1 O'(a) = Qand |Q%(a)] > 0. Define Q! = O and O+t = O\ Nyepr Q' (a) for each
1 < r < {y. Define the following decision problems in D:

D' = D,
D" = (M’fl,Q’,ulMHXQy) foreach 1 < r < 4.

Foreach1 <r < {y, itis easy to check that M" is the set of cautious actions of D", so that M" # @
and P" # @. Moreover, M" = M and P" = P% for each r > /. By definition, P" is precisely
the set of prudent actions of D. O

5.3 Axiomatizations of protectiveness

In this section we provide some characterizations of the set of protective actions using some
standard properties. First of all, we will define the properties we use throughout the chapter.
Let ¢ be a solution on D.

Nonemptiness (NEM). ¢(D) is nonempty for each D € D.

Sure-thing principle (STP). Let D,D’ € D be such that A’ = A, Q' = QU {«'} for some

w € Q, u(AXQ = u and let ¥ € R be such that u(a,«w’) = « for each a € A. Then,

¢(D) = ¢(D’).
Indistinguishability (IND). Let D € D be such that there exists ¥ € R and u(a, w) = « for each
pair (a,w) € A x Q. Then, ¢(D) = A.

Anonymity (ANO). Let D, D’ € D. If there are bijections f : A — A’ and g : Q) — )’ such that
u(a,w) =u'(f(a),g(w)) for each pair (a,w) € A x O, then ¢(D’) = f(¢(D)).

Independence of irrelevant actions (IIA). Let D, D’ € D be such that A’ ¢ A, Q' = Q and
u =uppvq- I e(D)NA" # @, then ¢(D') = (D) N A".

One state rationality (OSR). Let D € D with |Q)] = 1. Then, ¢(D) C argmax,c u(a, w), where
Q= {w}.

NEM, STP, ANO, IIA and OSR are standard properties in the literature on decision theory.
IND is a kind of anonymity, indeed IND is weaker than standard anonymity (ANO).

However, we seek for characterizing solutions that are cautious. Then, we will need some
non-standard properties related with cautiousness. Let D = (A, Q,u) € D, w? € Qs called a
disaster state of D if u(a, w") = ming,cq u(a, w) foreacha € A. A disaster state is a state in which
the decision maker always obtains the worst payoff with respect to other states, independently
of his choice. Note that, if a decision problem D € D is such that there exists no disaster state,
then it is easy to extend the problem to a problem with a disaster state. One only has to consider
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the decision problem D? = (A, QU {w?}, u) with uf

Axq — U and w is such that u(a, w?) =

mingecq #(a, w). Let ¢ be a solution on D.

Cautious restriction (CAR). Let D € D. Let M(D) be the set of cautious actions of D. Then,
¢(D) = ¢(M(D), Q, up1(pyx)-

Disaster immunity (DII). Let D € D. Then, ¢(D) C arg max,e 4 u%(a, w?) where w? represents

a disaster state for D.

Disaster restriction (DIR). Let D € D. Then, ¢(D) C ¢(A, {w?}, M?Ax{wd})'

These properties state that a solution should choose actions in a cautious way, but some of
them are more restricted than other ones. CAR states that solutions should choose the same
actions even though we restrict the set of actions to the set of cautious actions. DII states that, in
a disaster case, solutions select among the best actions. DIR states that solutions should choose
among actions which would be selected if only the disaster is present.

Using STP, IND and CAR we can establish the first characterization of the set of protective

actions.
Theorem 5.3. The set of protective actions is the unique solution on D that satisfies STP, IND and CAR.

Proof. The set of protective actions, PRO, clearly satisfies STP, IND and CAR.

Let ¢ be a solution on D. Let D = (A, Q,u) € D. Denote DO = D. Let M(DV) its set of cau-
tious actions. Define D! = (A',Q!,u!) with A" = M(D?), Q! = O and u! = u 41, 1. By CAR,
@(D') = @(DY). If u! is a constant function, then ¢(D'!) = Al = M(DY) = PRO(D) by IND
and the result follows. Let then u! be a non constant function and let Q% = Q' \ N, 1 Q! (a).
Then, O? # @. Notice that, by convexity of A! and concavity of u in A, N,c1 Q' (a) # @
and then, O? # Q. Define DI = (Al,QZ,M‘A1XQZ). By STP, ¢(D1) = ¢(D'). Define also
D? = (A%, 02, u?) with A2 = M(D') and u? = U|z2 (2 and repeat the above procedure.

Since () is a finite set, there exists k € IN such that u* is a constant function. Then, ¢(D¥) =
M(D*-T1). Then, we obtain the chain of equalities

¢(D) = ¢(DY) = ¢(D') = ¢(D1) = ¢(D?) = --- = ¢(Dk-1) = o(DF) = M(DF-1).

Therefore, ¢(D) = M(Dk-1).
Since PRO satisfies STP, CAR and IND, we obtain that PRO(D) = M(DkK-1) by the above
reasoning. Hence,
PRO(D) = ¢(D). O

The proof of Theorem|5.3|provides an easy procedure to compute the set of protective actions.
Let see how it can be apply to a numerical example.

Example 5.1. Let (A, Q), ) € D be a decision problem such that A = [0, 8], O = {w1, w2, w3, w4},
and the utility function u is given by Figure/5.1!
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Figure 5.1: Utility function of Example/5.1!

The first step of the procedure is to seek for the set of cautious actions and for the set of states
of nature where the minimax payoff is attainable for all cautious action. Let D = D and Q! = Q.
The set of cautious actions of DO is M(D) = A! = [1.6,4.6] and N, 41 Q' (a) = {w), w3}. Take
the problem D! = (Al,Q!, ul) where u! = Uprxqr- Since u! is not a constant function, we
continue with the procedure.

The next step is to throw away all undesirable actions and states. Let then O? = Q!\
Nueat Q(a) = {w1,wy}. We take the decision problem DI = (Al,Qz,u|Al><02> whose util-

ity function is represented in Figure

u(a,-)
T S S
s
1.6 3 4 46 a

Figure 5.2: Utility function for Dlin Example/5.1

We apply the first step of the procedure to this new decision problem. The set of cautious
actions of D1 is M(D?!) = A2 = [3,4]. We take D? = (A2, 02, u?) with u? = Ujp2, 2 Since u?is
not a constant function, let 0% = {w,}, we define the decision problem D2 = (A%, ()3, Uja25003)
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and we continue with the procedure. The set of cautious actions of D2is M(ﬁ) = A3 = [3,3.6]
(see Figure 5.2). Let then D3 = (A3,03,u3) with u® = Uj g3 53~ Since u® is a constant function,
then the procedure stops.

Therefore, the set of protective actions is PRO(D) = M(D?) = [3,3.6]. O

This procedure is known by the name of Dresher’s procedure (Dresher,1981) in the setting of
matrix games.

From above theorem and from the relations among the properties we can state other charac-
terization theorems. Let see the relations among properties. One can think that CAR is an ugly
property. The first relation permits us to replace CAR by other three properties.

Lemma 5.2. NEM, DII and IIA imply CAR.

Proof. Let ¢ be a solution on D that satisfies NEM, DII and IIA. Let D € D. Applying DII we
obtain that,

(D) C arg max u(a,w?) = M(D), (5.1)
ae

where w* is defined as a disaster state of D and the last equality is obtained by definition of set
of cautious actions.

Let D' € Dbesuchthat A’ = M(D), Q' = Qand v’ = w41, q. If A’ = A then ¢(D’) = ¢(D).
Otherwise, A’ C A. By (5.1) and NEM, it follows that ¢(D) N A’ = ¢(D) # @. Thus, by IIA, we
can conclude that ¢(D’) = ¢(D). O

Immediately, by Theorem 5.3 and Lemma 5.2, we obtain the second characterization of the
set of protective actions.

Corollary 5.1. The set of protective actions is the unique solution on D that satisfies NEM, STP, IND,
DII, and IIA.

One can think that DII is still a bit ugly. The next relation permits us to relax a little bit this
property. The proof is straightforward and it is omitted.

Lemma 5.3. DIR and OSR imply DII.

Moreover, using NEM, STP, OSR and DIR, we can throw away IND in Corollary 5.1} as the
following lemma shows.

Lemma 5.4. NEM, STP, OSR and DIR imply IND.

Proof. Let ¢ be a solution on D satisfying NEM, STP, OSR and DIR. Let D = (A,Q,u) € D
be such that u is a constant function. Let xp € R be such that u(a,w) = xp for each pair
(a,w) € Ax Q.

The proof will be done by contradiction. Suppose that ¢(D) C A. Then, there exists a’ € A
such that a° ¢ (D). Take the following decision problem in D. Let D° = (4, QU {«°},u°) € D

0

where 1" is a concave in A, and continuous in A x () function satisfying
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() u?AxO =
(ii) u°(a,w®) > «p foreacha € A,
(iii) u°(a% w®) > u(a,w®) foreacha € A\ {a°}.
Then,
P(D%) = 9(A 6}y, 1)) € argmaxi(a, ) = o) 62)

where the first equality follows from applying STP as many times as elements in (), the set
inclusion is consequence of OSR, and the last equality follows from the fact that a° is the unique
action where the function u°( -, w?) reaches the maximum value.

By (5.2) and NEM, we obtain that

¢(D°) = {a°} (5.3)
Moreover, each w € () is a disaster state of D°. Then, by DIR and STP,

¢(D%) C (D) (5.4)

Therefore, combining (5.3) and (5.4), we have that a’ € ¢(D) which is a contradiction. O

Immediately, by Corollary|5.1 and lemmas|5.3/and 5.4, we obtain the third characterization
of the set of protective actions.

Corollary 5.2. The set of protective actions is the unique solution on D that satisfies NEM, STP, DIR,
OSR and 1IA.

Finally, note that, in characterizations given by Theorem 5.3/and Corollary IND can be
replaced by ANO without any change in the proofs.

5.4 Logical independence

In this section we will show that Theorem and corollaries and 5.2 are adjusted, i.e., the
properties used in the results are logically independents. First, we analyze Theorem[5.3. Let
D € D, define the following solutions.

¢ (D) = A,
¢2(D) = center of {PRO(D)},
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where given a convex set B, center of {B} is defined as follows: if Up denotes the uniform dis-
tribution over the set B and E(IP) denotes the expectation of the probability distribution IP, then

center of {B} = E(Up).

It is clear that ¢ satisfies all properties but CAR, ¢, satisfies all properties but IND and the set
of cautious actions M satisfies all properties but STP.

Now, we check the logical independence of properties in Corollary5.1. Let D € D. Define
the solution ¢3 by
A if uis constantin A,

¢3(D) —{

@ otherwise.

It is easy to check the following assertions. The solution ¢j3 satisfies all properties but NEM. The
cautious solution M satisfies all properties but STP. The solution ¢; satisfies all properties but
DII. The solution defined by

¢4(D) =

A if u is constant in A,
center of {PRO(D)} otherwise,

satisfies all properties but IIA. In order to check the independence of IND, we define the fol-
lowing solution. Let b be a fixed possible action. Consider the following class of problems
DY = {D € D| b° € PRO(D)}. The solution given by

b0 if D € DY,
ps(p) = { 10) .
PRO(D) otherwise,

satisfies all properties but IND. Namely, it is easy to check that this solution satisfies NEM, STP
and DIL Let see that ¢s satisfiesIIA. Let D, D" € Dbesuchthat A’ C A, Q' = Qand v’ = w41,
We face to four cases:

e DeDYand D' € DY.
Then, g5(D) = g5(D') = {8} = g5(D) (1 A"

e D& D%and D ¢ DO.
Then, ¢5(D) = PRO(D) and ¢5(D’) = PRO(D’). Since PRO satisfies IIA, then ¢5(D’) =
§05(D) NA"if §05(D) NA #= Q.

e DecDand D' ¢ DO.
b’ ¢ PRO(D’) because D’ ¢ D. Then, either b° ¢ A’ or there exists a € A’ C A such
that a = p, B0. However, the latter assertion is a contradiction with b° € PRO(D). Then,
b ¢ A'and g5(D)N A’ = {B°} N A’ = @.

e D¢ D%and D' € D"
b ¢ PRO(D) because D ¢ D°. Leta € A be such that a € PRO(D). Then, by Lemmal5.1,
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a >=pro b°. However, b € PRO(D’) since D' € D°, and then a ¢ A’. Then, ¢5(D) N A’ =
PRO(D) N A’ = @.

Therefore, @5 satisfies IIA.

Finally, we analyze the logical independence of properties in Corollary|5.2. Let D € D. The
solution g3 satisfies all properties but NEM. The cautious solution M satisfies all properties but
STP. The solution ¢, satisfies all properties but OSR. The solution ¢s satisfies all properties but
DIR. In order to prove logical independence of IIA, solution ¢4 is modified in the following
way. Consider the class of decision problems D! where D € D! if at least one of the following
assertions is fulfilled,

@ 1l =1,
(ii) foreach w € ), there exists «,, € R such that u(a, w) = «,, foreacha € A,
(iii) there exists w! € Q such that|(ii) is fulfilled for each w € QO \ {w'}.

The solution @g given by

(D) = PRO(D) if D € D!,
Pei) 7 center of {PRO(D)} otherwise,

satisfies all properties but IIA. It is easy to check that ¢¢ satisfies NEM and OSR. Let check that
@6 also satisfies STP and DIR. Let D,D’ € D be such that A’ = A, ) = QU {w'} for some
W' g Q, u(AXQ = u and let x € R be such that u(a,w’) = « for each a € A. It easy to check
that D € D! if and only if D’ € D'. Since PRO satisfies STP, we have that ¢g(D) = @4(D’), so
that ¢¢ satisfies STP. Let D € D and denote D; = (A, {wd},quX{wd}). Then, D; € D! and, as
a consequence, ¢¢(D4) = PRO(D,;) = M(D). On the other hand, ¢4(D) C PRO(D) C M(D).
Then, ¢(D) C ¢(D;). Therefore, ¢4 satisfies DIR.
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Resumen en castellano

La presente tesis se enmarca dentro del campo de la teoria de juegos. La teoria de juegos es la teoria
matematica de las situaciones conflictivas. Una situacion conflictiva es una situacién interactiva
donde varios agentes tienen que tomar decisiones, el resultado final depende de las decisiones
de todos los agentes y cada agente tiene sus propias preferencias sobre el conjunto de posibles
resultados.

Las primeras aportaciones a la teorfa de juegos datan de principios del siglo XX con los
trabajos|Zermelo (1913), Borel (1921) y von Neumann (1928). Sin embargo, se puede considerar
que la teorfa de juegos nace como disciplina cientifica en el afio 1944 a partir de la publicacién
del libro “Theory of Games and Economic Behavior” de John von Neumann y Oskar Morgenstern.
Posteriormente, en el afio 1950, John Nash definié el concepto de equilibrio en juegos en forma
estratégica. Este concepto tuvo una gran repercusion en el campo de la economia, muestra de
ello es que Nash recibi6 el premio Nobel de economia en el afio 1994 junto con J. Harsanyi y R.
Selten. Desde los afios 50 hasta ahora, la teoria de juegos ha ido evolucionando a grandes pasos
debido a que una gran variedad de situaciones reales pueden ser modeladas utilizando la teorfa
de juegos. Cabe notar que el premio Nobel de economia del afio 2005 también ha sido concedido
a dos investigadores que trabajan en teorfa de juegos: Robert Aumann y Thomas Schelling.

La teoria de juegos se puede dividir en dos grandes areas, la teoria de juegos no cooperativos
y la teorfa de juegos cooperativos. La diferencia entre las dos esta en los objetivos y en las posi-
bilidades de los agentes involucrados en el modelo. En el modelo no cooperativo los agentes
no pueden tomar acuerdos vinculantes y la teoria de juegos estudia cémo debe actuar cada uno
de los jugadores para maximizar sus propios beneficios. En el modelo cooperativo los agentes
si pueden tomar acuerdos vinculantes, ademds pueden formar coaliciones y el objetivo es re-
partir el beneficio o el coste resultante. Por otro lado, la teorfa de juegos no cooperativos estd
ampliamente relacionada con la teoria de la decisién, es més, todo problema de decisién puede
ser estudiado como un juego no cooperativo con una estructura especial.

Esta tesis se estructura en dos partes: una dedicada a la teoria de juegos cooperativos y la

otra dedicada al estudio de soluciones cautelosas en problemas de decisién.

Juegos Cooperativos

La Parte[I/de esta tesis esta dedicada al estudio del comportamiento cooperativo en situaciones de
investigacion operativa. Esta parte estd organizada en tres capitulos independientes, cada uno de
los cuales estudia el problema del reparto de costes/beneficios que surgen cuando, en un modelo
de investigacion operativa multi-agente, se incorpora la posibilidad de que exista cooperaciéon
entre los agentes. A esta clase de problemas que utilizan la teoria de juegos en situaciones de
investigacion operativa multi-agente se la conoce como la clase de los juegos de investigacién
operativa. Una buena revisiéon de los trabajos existentes en este campo puede encontrarse en
Borm et al. (2001)).
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En el Capitulo[1 nos centramos en los modelos de inventario, en concreto trabajamos con las
situaciones de centralizacién de inventarios. La centralizacién de inventarios es conocida por
reducir costes en modelos de optimizacién de costes de inventario en ambientes multi-agente.
Un problema importante que surge de esta centralizacion es como repartir los ahorros generados
entre los distintos agentes y una herramienta para dar respuesta a este problema es la teoria de
juegos.

El problema del reparto de costes en situaciones de inventario ha sido tratado en varios
trabajos durante los dltimos afios. Por ejemplo, Hartman y Dror (1996) proponen una regla de
reparto que verifica una serie de propiedades deseables para cualquier regla en el contexto de
modelos de inventario multi-agente estocésticos y de revisién continua. Hartman et al. (2000) y
Miiller et al. (2002) estudian el niicleo de una clase de juegos cooperativos que surgen de mode-
los de inventario multi-agente estocdsticos de un solo periodo. Meca et al. (2003) y Meca et al.
(2004) definen los llamados juegos de inventario, los cuales modelizan problemas de asignacién
de costes en modelos de inventario multi-agente deterministicos y de revisién continua. Ellos
proponen una regla de reparto de costes, a la que llaman SOC-rule (Share Ordering Cost rule),

la caracterizan y prueban que siempre proporciona repartos que pertenecen al nticleo del juego.

En este capitulo trabajamos con el modelo estudiado en Meca et al. (2003). A diferencia de es-
te trabajo, nosotros buscamos reglas que sean inmunes ante posibles manipulaciones de los agentes
involucrados en el problema, bien a través de fusiones artificiales de varios agentes, o bien me-
diante escisiones artificiales de un agente en varios agentes. Aqui probamos que la tinica regla
eficiente para juegos de inventario que es inmune ante estas manipulaciones mediante coalicio-
nes es la SOC-rule. Aunque la manipulacién mediante coaliciones no ha sido nunca estudiada
en el contexto de modelos de centralizaciéon de inventarios, es una propiedad muy interesante a
la cual se ha dedicado mucha atencién en trabajos econdmicos. Ju (2003), Bergantifios y Sdnchez
(2002) y de Frutos (1999) son tres ejemplos recientes en los que la manipulacién mediante coa-
liciones ha sido estudiada en el contexto de varios problemas de asignacién. Este capitulo estd
basado en el trabajo Mosquera et al. (2006b).

En el Capitulo 2/cambiamos el modelo de investigacion operativa a estudiar. Aqui estudia-
mos problemas que se pueden representar a través de un drbol lineal de coste fijo. Nuestro pro-
blema de estudio surge a partir de la pregunta de cudl deberia ser el precio por el uso de las
autopistas. Una gran parte de la literatura relativa al estudio de aspectos relacionados con las
carreteras se ha centrado en estudiar los problemas de congestion. Sin embargo, nosotros traba-
jamos con un problema diferente de éste, el problema de repartir entre los agentes potenciales de
las carreteras los costes generados por la construcciéon y el mantenimiento de éstas, de acuerdo

a los principios de igualdad y eficiencia.

Existen varios trabajos que tratan con el problema de asignar tasas a las distintas clases de
vehiculos (coches, camiones, etc. ...) que usan un servicio, en este caso la autopista. Por ejemplo,
Villarreal-Cavazos y Garcfa-Diaz (1985) proponen cuatro métodos de asignacién de tasas basa-

dos en las diferentes caracteristicas que presenta cada clase de vehiculos. Para definir uno de
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esos métodos, el llamado método generalizado, los autores hacen un uso un poco timido de alguna
herramienta que proporciona la teoria de juegos para abordar un problema de estas caracteristi-

cas.

Con este capitulo nosotros queremos aportar un poco mds a este campo. En primer lugar,
extendemos la clase de problemas a considerar, no nos limitamos al caso del estudio de las ca-
rreteras. NOtese que una carretera o autopista puede ser considerada como un cierto recurso
publico dotado de una cierta estructura diferencial. Nuestro objeto de estudio sera el caso del re-
parto del coste total de un recurso ptblico que tiene una estructura similar a la de las autopistas:
puede dividirse en secciones ordenadas e indivisibles y que cada usuario potencial puede usar
un subconjunto de secciones consecutivas (en funcién de ese orden). Por ejemplo, en el caso de
una autopista lineal, sin ramificaciones, puede considerarse que estd formada por los distintos
tramos delimitados entre los puntos de acceso y salida de la misma. La ordenacién vendria dada
por la situacién geogréfica de los tramos y estaria fijada desde un principio, es decir, los tramos
de la autopista los podemos empezar a enumerar desde cualquiera de los dos extremos de la
autopista, entonces nos fijaremos como punto inicial uno de estos dos extremos. En nuestro mo-
delo, el coste de cada seccién del recurso depende en gran parte de su tamafio, y el coste total
del recurso es la suma de los costes de cada seccién. Debido a la simplicidad de la funcién de
coste, este problema se presta a abordarlo utilizando herramientas de la teoria de juegos. Asi,
asociado a cada problema de reparto de costes en este contexto definimos un juego cooperativo;
a los juegos de tal clase los llamaremos juegos de autopista.

Una primera aproximacion a este problema sin usar ninguna herramienta sofisticada para
repartir los costes en este modelo podria ser el considerar una de las dos siguientes formas natu-
rales de realizar este reparto de costes. La primera de ellas es repartir los costes totales propor-
cionalmente a los costes que tiene cada agente, y la segunda es repartir el coste de cada seccién
de forma igualitaria entre los agentes que la usan. En este capitulo comprobamos que estas dos
posibles reglas de reparto coinciden con dos soluciones muy conocidas y estudiadas en el campo
de la teorfa de juegos cooperativos: el valor de compromiso y el valor de Shapley, respectivamente.
Por otro lado, utilizando ya directamente una herramienta de teorfa de juegos, estudiamos en
profundidad el nucleolus de los juegos de autopista como otra posible regla de reparto de cos-
tes. Aunque en general el calculo del nucleolus suele ser muy laborioso y complicado, en este
estudio proponemos un procedimiento sencillo para calcularlo. Este procedimiento se basa en
encontrar las coaliciones que determinan el valor del nucleolus, a las que llamaremos coalicio-
nes relevantes, calcular los excesos de estas coaliciones cuando el reparto se hace en funcién del
nucleolus, encontrar el valor minimo de estos excesos y dar el valor del nucleolus para determi-
nados agentes involucrados en el problema. A simple vista este proceso no parece demasiado
sencillo puesto que hay que calcular los excesos sin conocer el valor del nucleolus y no sabe-
mos si lo tendremos que calcular en todas las coaliciones posibles. Sin embargo, en este capitulo
comprobamos que no es necesario calcular los excesos de todas las coaliciones posibles y que el
ndmero de coaliciones para las que hay que calcularlo no es muy elevado. Ademas, debido a la
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estructura de estas coaliciones, se puede calcular su exceso cuando el reparto se hace en funcién
del nucleolus sin necesidad de conocer el valor del nucleolus y de una forma sencilla.

Cabe destacar que, los conocidos juegos de aeropuerto definidos por Littlechild y Owen (1973)
son una subclase de los juegos de autopista aqui definidos y, a su vez, los juegos de autopista
son una clase especial de juegos de contribuciones definidos en Koster et al. (2003). Este capitulo
estd basado en el trabajo Mosquera y Zarzuelo (2006).

En el capitulo/3/pasamos a estudiar un modelo de programacién de tareas. Nos centramos en el
estudio de los problemas de secuenciacién en linea proporcionales. En un problema de secuenciacién
en linea, un grupo de trabajos tienen que ser procesados a través de un nimero fijo de maquinas
y el orden de las maquinas en el que los trabajos tienen que ser procesados es el mismo para
todos ellos. Cada trabajo tiene asignado un coste que depende del tiempo total que tarda en ser
procesado por todas las maquinas. Cuando cada trabajo tiene el mismo tiempo de procesado
sobre cada maquina decimos que estamos ante un problema de secuenciacién en linea propor-
cional. Este tipo de problemas ha ganado mucho interés en los tltimos afios y se han publicado
muchos trabajos en este campo. Uno de ellos es Shakhlevich et al. (1998), en el que nos basaremos
para este capitulo. En él se proporciona un algoritmo para obtener una programacion éptima de

los trabajos, de forma que el coste de procesar todos los trabajos es minimo.

Si asociamos cada trabajo con un cliente, un problema de secuenciacién en linea proporcio-
nal da lugar a un problema de decisién interactivo. En él, cada cliente tiene unos costes, de los
cuales asumimos que dependen linealmente del tiempo que tarda en ser procesado su trabajo.
Si suponemos que existe una ordenacién inicial de los trabajos, el primer problema al que se
enfrentan los clientes es encontrar una reordenacién éptima de los trabajos de forma que se ma-
ximice el ahorro obtenido con respecto a la ordenacién inicial. El siguiente problema es cémo
repartirse estos ahorros de una forma justa. El primero de los problemas tiene facil solucién,
utilizar el algoritmo propuesto por Shakhlevich et al. (1998). Para resolver el segundo problema,
a cada problema de secuenciacién de esta naturaleza le asociamos un juego cooperativo. A es-
ta clase de juegos los llamaremos juegos de secuenciacion en linea proporcionales, abreviadamente
juegos PFS.

Uno de los primeros trabajos en los que se estudia un problema de secuenciaciéon general des-
de el punto de vista de la teoria de juegos es Curiel et al. (1989). En él, se aborda el problema de
secuenciaciéon de trabajos sobre una tinica maquina. A este trabajo le siguen una gran variedad
de articulos con distintas generalizaciones de este sencillo modelo, como por ejemplo Hamers
etal. (1995),[Borm et al. (2002), Estévez-Fernandez et al. (2004), van den Nouweland (1993), ...En
este capitulo probamos que los juegos PFS son equilibrados y que, ademds, son convexos si el
orden inicial es el orden de urgencia (ver Smith, 1956). También proporcionamos una férmula
explicita, independiente de los valores del juego, para el valor de Shapley, con lo cual se hace
computacionalmente mds sencillo su calculo. Bajo la suposicién sobre el orden inicial, también
definimos una nueva regla de reparto que sigue la misma filosofia que la regla de divisién con
igual ganancia (EGS) definida en|Curiel et al. (1989). Esta regla estd basada en el algoritmo defi-
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nido en Shakhlevich et al. (1998). Tanto el valor de Shapley como esta nueva regla proporcionan
repartos que estan en el nicleo del juego PFS correspondiente. Este capitulo estd basado en el
trabajo|Estévez-Ferndndez et al. (2006).

Problemas de decision

La parte|II de esta tesis estd estructurada en dos capitulos independientes pero relacionados
y estd dedicada al estudio de ciertas cuestiones en problemas de decisién unipersonales. Los
capitulos estudian el comportamiento cauteloso de un agente que se enfrenta a un problema de
decision.

El llamado comportamiento maximin es la reaccién mas representativa de cautela ante cual-
quier problema. Escoger entre distintas alternativas de acuerdo a este comportamiento es asig-
narle a cada una de ellas la peor consecuencia posible y escoger aquellas alternativas para las
cuales esta peor consecuencia ofrezca el mejor resultado. El capitulo [4/esta dedicado al estudio
de los fundamentos del comportamiento maximin. Dicho comportamiento ha sido estudiado en
multitud de campos de investigacion de distinta indole. Dependiendo de cémo se modelen las
alternativas, las consecuencias y las preferencias, nos encontraremos con aplicaciones del com-
portamiento maximin a diferentes campos de las ciencias sociales como pueden ser la teoria de
juegos, (ver von Neumann,|1928), economia experimental (ver|Sarin y Vahid, 1999, 2001), teoria
de la decisién estadistica, eleccién social y bienestar (ver Moulin,1988), investigacion operativa
(ver|Love et al., 1988), ...

Dada la ubicuidad de este principio, es gratamente sorprendente que también sus fundamen-
tos hayan sido objeto de estudio. Estos estudios se centran en uno de los dos siguientes aspectos:
(a) caracterizar el orden inducido por el comportamiento maximin (Milnor,|1954; Barbera y Ja-
ckson, 1988) o (b) caracterizar el valor maximin asociado a juegos en forma estratégica de suma
nula (Vilkas,1963; Tijs, 1981). Sin embargo, hasta dénde nosotros conocemos, ningtn estudio se
ha centrado en caracterizar la solucién que a cada problema de decision le asigna el conjunto de
sus alternativas maximin. El objetivo de este capitulo es formalizar este tercer aspecto. La clase
de problemas que consideramos es una clase muy general dénde la tinica restriccién es que la
funcién de utilidad del decisor tiene que estar acotada. En este capitulo definimos una serie de
propiedades deseables para una solucién en este contexto de forma que sean lo méas estandar
posible. Debido a la generalidad de la clase de problemas de decisién considerada, necesitamos
mads propiedades de lo habitual para caracterizar esta solucién ademds de adaptar algunas de
las propiedades estandar a este contexto y de definir alguna otra propiedad no tan estdndar.
Por ejemplo, en nuestro contexto la solucién maximin puede ser vacia, cosa que no ocurre en
la mayoria de los problemas de decisién que se estudian en la literatura, por eso necesitamos
relajar un poco la propiedad de no vacio (nonemptiness) para una solucién. Por tltimo, caracteri-
zamos la solucion maximin utilizando dichas propiedades. Este capitulo estd basado en el trabajo
Mosquera et al. (2005).

Aunque el comportamiento maximin sea un claro exponente de la cautela ante un problema
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de decisién, existen numerosas situaciones en donde atin se podria ser mds cauteloso. Por este
y otros motivos se hace necesaria la definicién de algunos refinamientos de este comportamien-
to. En la literatura existente se han definido dos posibles refinamientos. Moulin (1981) define
formalmente el comportamiento prudente y Barbera y Dutta (1982) introducen el comportamien-
to protectivo. Ambos comportamientos estdn muy relacionados, de hecho los dos coinciden en
muchos problemas. El objetivo del Capitulo|5/de esta tesis es estudiar los fundamentos del com-
portamiento protectivo.

Actuar protectivamente quiere decir que el agente maximiza su peor resultado con respecto
a todas las consecuencias y, en caso de empate, también minimiza, en términos de inclusién de
conjuntos, el conjunto de consecuencias que proporcionan el peor resultado. Actuar prudente-
mente es actuar protectivamente salvo que, en caso de empate, se minimiza el nimero de conse-
cuencias que proporcionan el peor resultado. El comportamiento protectivo ha sido estudiado
en contextos distintos al estudiado en Barbera y Dutta (1982). Por ejemplo, Barbera y Jackson
(1988) proporcionan una caracterizacion del comportamiento protectivo como una ordenacién
sobre el conjunto de vectores reales finito-dimensionales. Por otro lado, Fiestras-Janeiro et al.
(1998) estudian los comportamientos protectivos y prudentes dentro del contexto de juegos fini-
tos en forma estratégica.

Dada la importancia que en los tltimos afios ha ganado el comportamiento protectivo, que-
remos investigar un poco mds sus fundamentos. En este capitulo caracterizamos la solucién que
asigna a cada problema de decisién su conjunto de alternativas protectivas. El contexto en el que
trabajamos es un contexto més o menos estdndar en la literatura de teoria de la decisién, en dén-
de el conjunto de alternativas es compacto, convexo y no vacio, el conjunto de consecuencias es
finito y no vacio, y la funcién de utilidad del decisor es convexa en el conjunto de alternativas y
continua. Las propiedades que caracterizan el comportamiento protectivo son propiedades tam-
bién estdndar en la literatura de problemas de decisién. Atn asi, necesitamos otras propiedades
no tan estdndar para hacer referencia al concepto de cautela como, por ejemplo, que la solucion
no cambie si restringimos el conjunto de alternativas al conjunto de sus alternativas maximin.
Con esta propiedad lo que conseguimos es que las alternativas elegidas sean siempre maximin
ya que, como ya hemos indicado, escoger entre estas alternativas es el comportamiento mds
representativo de la cautela. Este capitulo estd basado en el trabajo Mosquera et al. (2006a).

Conclusiones

En la primera parte de esta tesis hemos estudiado tres clases de juegos de investigacion operativa
que surgen de situaciones de la vida cotidiana. En estas tres clases nos hemos centrado en el
problema del reparto de costes/beneficios aunque de formas un poco distintas. En los juegos
de inventario nos hemos centrado en caracterizar una regla de reparto ya existente, la SOC-rule,
sobre una clase de juegos ya definida anteriormente, utilizando una propiedad bésica que nunca
nadie habifa utilizado antes en este contexto: la propiedad de inmunidad ante manipulaciones. Sin
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embargo, en los otros dos capitulos hemos definido dos nuevas clases de juegos de investigacién
operativa, los juegos de autopista y los juegos PFS. Hemos estudiado algunas caracteristicas de
estas clases de juegos y nos hemos centrado en el estudio no axiomatico de soluciones estaindar
para juegos cooperativos aplicadas a estos contextos, aunque para el caso de los juegos PFS
también hemos definido una nueva regla de reparto especialmente disefiada para este contexto
y que se obtiene a partir de un algoritmo disefiado para el problema de optimizacién originario
de esta clase de juegos.

La segunda parte de esta tesis la hemos dedicado a los problemas de decisién. Nos hemos
centrado en estudiar el comportamiento cauteloso del agente frente a problemas de esta indole.
Hemos escogidos los criterios maximin y protectivo como representantes de este tipo de comporta-
miento y hemos estudiado sus fundamentos. Con respecto al comportamiento maximin hemos
propuesto una caracterizacién basandonos en propiedades estdndar para soluciones a proble-
mas de decisién dentro de una clase de problemas muy general. Para el caso del comportamien-
to protectivo hemos dado tres caracterizaciones utilizando propiedades que hacen referencia a
la cautela en una clase de problemas de decisién mas o menos estdndar en la literatura existente.



114 Resumen en Castellano

BIBLIOGRAFiA DEL RESUMEN

BARBERA S. y DUTTA B. (1982). “Implementability via protective equilibria”. Journal of Mathe-
matical Economics, 10:49-65. (Citado en pp.[T12)

BARBERA S. y JACKSON M. O. (1988). “Maximin, leximin, and the protective criterion: charac-
terizations and comparisons”. Journal of Economic Theory, 46:34—44. (Citado en pp.I1II12)

BERGANTINOS G. y SANCHEZ E. (2002). “The proportional rule for problems with constraints
and claims”. Mathematical Social Sciences, 43:225-249. (Citado en pp.[108)

BOREL E. (1921). “La théorie du jeu et les équations intégrales a noyau symétrique”. Comptes
Rendus de I’ Academie des Sciences, 173:1304—1308. (Citado en pp./107)

BORM P., FIESTRAS-JANEIRO G., HAMERS H., SANCHEZ E. y VOORNEVELD M. (2002). “On the
convexity of games corresponding to sequencing situations with due dates”. European Journal
of Operational Research, 136:616—634. (Citado en pp.[110)

BORM P., HAMERS H. y HENDRICKX R. (2001). “Operations research games: a survey”. Top,
9:139-216. (Citado en pp.[107)

CURIEL L., PEDERZOLI G. y TIJS S. (1989). “Sequencing games”. European Journal of Operational
Research, 40:344-351. (Citado en pp./110)

ESTEVEZ-FERNANDEZ A., CALLEJA P., BORM P. y HAMERS H. (2004). “Sequencing games with
repeated players”. CentER Discussion Paper Series, 2004-128. Tilburg University, Tilburg, The
Netherlands. (Citado en pp.[T10)

ESTEVEZ-FERNANDEZ A., MOSQUERA M. A., BORM P. y HAMERS H. (2006). “Proportionate
flow shop games”. CentER Discussion Paper Series, 2006-63. Tilburg University, Tilburg, The
Netherlands. (Citado en pp.[T11)

FIESTRAS-JANEIRO G., BORM P. y VAN MEGEN F. (1998). “Protective and prudent behaviour in
games”. Journal of Economic Theory, 78:167-175. (Citado en pp.[112)

DE FRUTOS M. A. (1999). “Coalitional manipulation in a bankruptcy problem”. Review of Econo-
mic Design, 4:255-272. (Citado en pp.[108)

HAMERS H., BORM P. y T1JS S. (1995). “On games corresponding to sequencing situations with
ready times”. Mathematical Programming, 69:471-483. (Citado en pp.[110)

HARTMAN B. C. y DROR M. (1996). “Cost allocation in continuous review inventory models”.
Naval Research Logistics, 43:549-561. (Citado en pp.[108)

HARTMAN B. C., DROR M. y SHAKED M. (2000). “Cores of inventory centralization games”.
Games and Economic Behavior, 31:26—49. (Citado en pp.[108)

Ju B. G. (2003). “Manipulation via merging and splitting in claims problems”. Review of Economic
Design, 8:205-215. (Citado en pp.[108)

KOSTER M., REIINIERSE H. y VOORNEVELD M. (2003). “Voluntary contributions to multiple
public projects”. Journal of Public Economic Theory, 5:25-50. (Citado en pp.[T10)

LITTLECHILD S. C. y OWEN G. (1973). “A simple expression for the Shapley value in a special
case.” Management Science, 20:370-372. (Citado en pp.[110)



BIBLIOGRAFIA DEL RESUMEN 115

LoOVE R. F., MORRIS J. G. y WESOLOWSKY G. O. (1988). Facilities location: models and methods,
Publications in Operations Research Series, tomo 7. North-Holland Publishing Co., New York.
Models & methods. (Citado en pp. 1)

MECA A., GARCIA-JURADO I. y BORM P. (2003). “Cooperation and competition in inventory
games”. Mathematical Methods of Operations Research, 57:481-493. (Citado en pp.[108)

MECA A., TIMMER J., GARCIA-JURADO I. y BORM P. (2004). “Inventory games”. European
Journal of Operational Research, 156:127-139. (Citado en pp.[108)

MILNOR J. W. (1954). “Games against nature”. En: Decision processes (pags. 49-59). R. M. Thrall,
C. H. Coombs y R. L. Davis (eds.). Chapman & Hall. (Citado en pp.[111)

MOSQUERA M. A., BORM P., FIESTRAS-JANEIRO G., GARCIA-JURADO I. y VOORNEVELD M.
(2005). “Characterizing cautious choice”. CentER Discussion Paper Series, 2005-54. Tilburg
University, Tilburg, The Netherlands. (Citado en pp.[111)

MOSQUERA M. A., BORM P. y VOORNEVELD M. (2006a). “A note on axiomatizations of protec-
tiveness”. Preprint. (Citado en pp.[112)

MOSQUERA M. A., FIESTRAS-JANEIRO G. y GARCIA-JURADO I. (2006b). “A note on coalitional
manipulation and centralized inventory management”. Conditionally accepted in Annals of
Operations Research. (Citado en pp. 108)

MOSQUERA M. A. y ZARZUELO J. M. (2006). “Sharing costs in highways: a game theoretical
approach”. Preprint. (Citado en pp.[110)

MOULIN H. (1981). “Prudence versus sophistication in voting strategy”. Journal of Economic
ThEOT’y, 24:398-412. (Citado en pp.[112)

(1988). Axioms of cooperative decision making, Econometric Society Monographs, tomo 15.
Cambridge University Press, Cambridge. With a foreword by Amartya Sen. (Citado en pp.[111)

MULLER A., SCARSINI M. y SHAKED M. (2002). “The newsvendor game has a nonempty core”.
Games and Economic Behavior, 38:118-126. (Citado en pp.[108)

VON NEUMANN J. (1928). “Zur theorie der gesellschaftsspiele”. Mathematische Annalen, 100:295—
320. (Citado en pp.[107}/111)

VAN DEN NOUWELAND A. (1993). Games and Graphs in Economic Situations. Tesis Doctoral,
Tilburg University. (Citado en pp.[110)

SARIN R. y VAHID F. (1999). “Payoff assessments without probabilities: A simple dynamic mo-
del of choice”. Games and Economic Behaviour, 28:294-309. (Citado en pp.[111)

(2001). “Predicting how people play games: A simple dynamic model of choice”. Games
and Economic Behaviour, 34:104—122. (Citado en pp.[111)

SHAKHLEVICH N., HOOGEVEEN H. y PINEDO M. (1998). “Minimizing total weighted comple-
tion time in a proportionate flow shop”. Journal of Scheduling, 1:157-168. (Citado en pp.[110,11T)

SMITH W. E. (1956). “Various optimizers for single-stage production”. Naval Research Logistic
Quartely, 3:59-66. (Citado en pp.[110)



116 Resumen en Castellano

T1ys S. (1981). “A characterization of the value of zero-sum two-person games”. Naval Research
Logistics Quarterly, 28:153-156. (Citado en pp.[111)

VILKAS E. I. (1963). “Axiomatic definition of the value of a matrix game”. Theory of Probability
and its Applications, 8:304-307. (Citado en pp.[I11)

VILLARREAL-CAVAZOS A. y GARCIA-DIAZ A. (1985). “Development and application of new
highway cost allocation procedures”. Transportation Research Record, 1009:34—45. (Citado en pp. 108)

ZERMELO E. (1913). “Uber eine anwendung der mengenlehre auf die theorie des schachspiels”.
En: Proceedings of the 5th international congress of mathematicians (pags. 501-504). E. Hobson y
A. Love (eds.), tomo II. Cambridge University Press. (Citado en pp. 107)



Author Index

A
Allahverdi, A.,/46
Arin, J.,[25

B

Barber3, S.,75}78}79,(92,/111}[112]

Bazaraa, M. S.,[78]

Bergantifios, G.,[8,/108

Blackwell, D.,[78]

Bondareva, O. N.,[17,53]

Borel, E.,[107

Borm, P., 3, 4,18-11) 46,75} 180, 92,107, 108,
1104112

C
Calleja, P, /46}110|
Carpente, L.,[78}(92
Casas-Méndez, B.,[78,192
Cheng, T. C. E. 46|
Curiel, 1,13} 146,/47,54,1110

D
Dresher, M., 92,/99|
Dror, M., [8]108]
Dufwenberg, M.,[80
Dutta, B.,[75}[92, 112

E
Estévez-Fernandez, A., [92,(110,111

F
Ferguson, T. S.,[78

117

Fiestras-Janeiro, G., 3, [46, 110-
112
de Frutos, M. A.,[8,/108

G
Garcia-Diaz, A.,[3,[16,/108
Garcia-Jurado, 1,[3,/8411,175,(78}192}/108}/111]
Girshick, M. A.,[78|
Guardiola, L. M.,

H
Hamers, H.,[4}[8,46,[107,1110,
Hart, S.,[78
Hartman, B. C.,[8}108]
Hendrickx, R.,[107]
van den Heuvel, W,,|8
Hoogeveen, H.,(3,/46-49]
Huang, Y. M.,

1
Ichiishi, T.,[53
Ifarra, E.,

J
Jackson, M. O.,75,178,(79,(92, 111,112
Ju, B. G.,8][108

K
Klijn, F,
Kopelowitz, A.,
Koster, M.,[3}[17,121,[110
Krabbenborg, M., 46/



118

Author Index

L
Littlechild, S. C.,[3,/17,110
Love, R. E,[78][111]

M
Miiller, A.,
Maschler, M., 23,127
Meca, A.,3,/8411,108
van Megen, F.,
Milnor, J. W.,[75, 92,111
Modica, S., 78|
Morris, J. G.,[78,[111
Mosquera, M. A.,[3}/4,
Moulin, H.,[75,(78,192]111}[112]
Myerson, R. B.,[92

N
von Neumann, J.,[78,107, 111
Norde, H.,78,/80,192|
van den Nouweland, A., 46,(78/80}/92,110

o)
Owen, G.,[3}[17}(110/

P
Pederzoli, G.,(3}[46}/47,[110
Peleg, B.,[23,(27
Pinedo, M., [3,(46-149)]
Potters, J.,146}[54,[80
Prasad, R.,[54
Puerto, J.,[8

Q
Quant, M.,,[92]

R
Reijnierse, H.,[3}17}(21,/80,/110

S
Sanchez, E., (846,108,110
Sarin, R.,[78,111
Savsar, M., [46

Scarsini, M.,
Schmeidler, D.,[23][78

Selten, R.,[93

Shaked, M., (8] 108]
Shakhlevich, N.,3}46-49,(110,/11T
Shapley, L. S.,[17,120,123,127,/53
Sherali, H. D., 78]

Shetty, C. M.,[78

Shiau, D. F, 46

Slikker, M., 46|

Smith, W. E., 110]

Suijs, J., 46

T
Tersine, R. J.,[9
Tijs, S.,13,122,146,47,(54)175,78,180}(110, 111
Timmer, J.,13}/8,/108

\%

Vahid, F,[78}[111]
Veltman, B.,
Vermeulen, D.,
Vilkas, E. 1.,[75,78}[111]
Villarreal-Cavazos, A.,[3,[16}[108]
Voorneveld, M., 3,(17, 75,178,

110~112

W
Wesolowsky, G. O.,78, (111

V4
Zarzuelo, J. M., 3,110
Zermelo, E.,[107



	Preface
	Contents
	Notations
	I Operations Research Games
	Introduction
	Short Bibliography

	1 Coalitional manipulation & centralized inventory management
	1.1 Introduction
	1.2 Coalitional manipulation in inventory games
	1.3 The Main Result
	Bibliography

	2 Sharing costs in highways: a game theoretical approach
	2.1 Introduction
	2.2 Highway problems
	2.3 Natural sharing cost rules for highway games
	2.4 The nucleolus of highway games
	Bibliography

	3 Proportionate flow shop games
	3.1 Introduction
	3.2 Proportionate flow shop problems
	3.3 Cooperation in proportionate flow shops
	3.4 Proportionate flow shop games
	3.A Appendix
	Bibliography


	II Cautious Behavior
	Introduction
	Short Bibliography

	4 Characterizing cautious choice
	4.1 Introduction
	4.2 A characterization of the set of maximin actions
	4.3 Proof of the characterization theorem
	Bibliography

	5 A note on axiomatizations of protectiveness
	5.1 Introduction
	5.2 The model
	5.3 Axiomatizations of protectiveness
	5.4 Logical independence
	Bibliography


	Resumen en Castellano
	Bibliografía del resumen

	Author Index

